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Abstract

We propose a generalization of the synthetic control and synthetic interventions methodology
to setting with dynamic treatment effects. We consider the estimation of unit-specific treatment
effects from panel data collected under a general treatment sequence and in the presence of
unobserved confounding. In this setting, each unit receives multiple treatments sequentially,
according to an adaptive policy that depends on a latent, endogenously time-varying confounding
state. Under a low-rank latent factor model assumption, we develop an identification strategy
for any unit-specific mean outcome under any sequence of interventions. The latent factor model
we propose admits linear time-varying and time-invariant dynamical systems as special cases.
Our approach can be viewed as an identification strategy for structural nested mean models—a
widely used framework for dynamic treatment effects—under a low-rank latent factor assumption
on the blip effects. Unlike these models, however, it is more permissive in observational settings,
thereby broadening its applicability. Our method, which we term synthetic blip effects, is a
backwards induction process in which the blip effect of a treatment at each period and for a
target unit is recursively expressed as a linear combination of the blip effects of a carefully
chosen group of other units that received the designated treatment. This strategy avoids the
combinatorial explosion in the number of units that would otherwise be required by a naive
applications of prior synthetic control and synthetic intervention methods in dynamic treatment
settings. We provide estimation algorithms that are easy to implement in practice and yield
estimators with desirable properties. Using unique Korean firm-level panel data, we demonstrate
how the proposed framework can be used to estimate individualized dynamic treatment effects
and to derive optimal treatment allocation rules in the context of financial support for exporting

firms.
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1 Introduction

In many observational studies, units undergo multiple treatments sequentially over time—for example,
patients receive multiple therapies, customers are exposed to multiple advertising campaigns, and
governments implement multiple policies. The treatment sequence often follows a general pattern
rather than being restricted to a staggered adoption design, and interventions typically occur in a
data-adaptive manner, with treatment assignment depending on the current (potentially unobserved)
state of the treated unit and its past treatments. Furthermore, temporal spillovers across treatments
and intermediate outcomes make treatment effects inherently dynamic. A common policy question
is what the expected outcome would have been under an alternative policy or course of action.
Counterfactual analysis using observational data with multiple sequentially and adaptively assigned
treatments is the focus of a long line of research in causal inference.

Typical approaches for identification with time-varying treatments require a strong sequential
exogeneity assumption, where the treatment decision at each period is exogenous conditional on
an observable state that comprises the history of outcomes and treatments. This assumption is
a generalization of the standard conditional exogeneity assumption in static settings. However,
most observational datasets are plagued with unobserved confounding, and endogeneity can take
complex form especially in dynamic settings. Many techniques exist for addressing unobserved
confounding in one-shot treatment settings, such as instrumental variables, difference-in-differences,
regression discontinuity designs, and synthetic controls, some of which have been extended to
dynamic contexts. For example, event studies and difference-in-differences have been generalized
to accommodate sequences of treatments (see below), but most studies assume staggered designs
(i.e., irreversible treatment sequences), with few exceptions (Shahn et al., 2022; De Chaisemartin
and d’Haultfoeuille, 2024; de Chaisemartin and D’Haultfceuille, 2025). Instrumental variables and
regression discontinuity have also been extended to dynamic settings (Han, 2021, 2024; Hsu and
Shen, 2024; Sojitra and Syrgkanis, 2024), which requires the existence of sequences of instruments
or running variables over time. Beyond these contributions, methods for handling unobserved
confounding in settings with general time-varying treatments remain largely underexplored.

In this work, we present the first extension of the synthetic controls literature to handle dynamic
treatment effects. Synthetic controls (Abadie and Gardeazabal, 2003; Abadie et al., 2010)—and
its generalization to synthetic interventions Agarwal et al. (2020b)—are widely used empirical
approaches for handling unobserved confounding from observational panel data. However, the
existing literature assumes that units are treated only once or in a non-adaptive manner. This limits
the applicability of the technique to policy-relevant settings where multiple interventions occur
sequentially over time. We propose an extension of the synthetic controls and synthetic interventions
framework that enables identification of mean counterfactual outcomes under arbitrary treatment
sequences, even when the observational data arise from an adaptive dynamic treatment policy. As
in the synthetic interventions framework, we assume that the panel data stem from a low-rank data
generation model, with latent factors capturing unobserved confounding signals. In static settings,

the low-rank assumption, together with a technical overlap condition, allows each unit’s mean



outcomes under any sequence of interventions to be expressed as linear combinations of observed
outcomes from a carefully chosen sub-group of other units. We generalize this idea to dynamic
contexts under a low-rank linear structural nested mean model assumption. Our work can also be
viewed as extending the g-estimation framework for structural nested mean models (Robins, 2004;
Vansteelandt and Joffe, 2014; Lewis and Syrgkanis, 2020) to accommodate unobserved confounding
under a low-rank structure. In doing so, our work helps connect the econometric literature on
synthetic controls with the biostatistics literature on structural nested mean models.

The key idea of our identification strategy is to express the mean outcome for a unit under a
sequence of interventions as an additive function of “blip” effects corresponding to that sequence.
The blip effect of an intervention at a given period can be interpreted as the treatment effect of
that intervention, relative to a baseline intervention for that specific period, assuming a common
sequence of interventions for all other periods. Subsequently, under our low-rank assumption and
by applying a recursive argument, we can identify the blip effect of each treatment for each unit
and time period. Our procedure can be viewed as a dynamic programming approach, in which a
synthetic-control-type procedure is used to compute “synthetic blip effects” at each step of the
dynamic program. These step-specific causal quantities are then combined to build the overall
counterfactual outcome of any unit under any sequence of interventions.

We illustrate the usefulness of the proposed framework by estimating individualized dynamic
treatment effects and optimal treatment allocation rules in the context of providing financial support
to exporting firms. Exporting is inherently risky, and thus government agencies play an important
role to provide insurance and insurances to promote export activities. Using novel Korean firm-
level data, we first estimate the effects of insurance and loans as two distinct treatments on firm
performances. In particular, we recover individualized counterfactual outcomes for all hypothetical
intervention sequences. Aggregating across firms yields average effects, which reveal the sequencing
of treatments matters for improving export values over time. We then use the individualized dynamic
treatment effects to estimate allocation rules that maximize performances for each firm. We show
that such rules can significantly improve outcomes while requiring less public spending. Finally, we
construct decision trees that can guide public officials in selecting new firms for financial support
and determining the schedule of interventions.

The paper is organized as follows. We close this section by discussing related work and introducing
the setting and notation. Section 2 presents the latent factor model for time-varying treatments, and
Section 3 discusses the limitations of the synthetic interventions approach in our setting. Sections 4
and 5 introduce our main models—the time-varying and time-invariant latent factor models—which
involve modeling trade-offs. Each section establishes identification, develops an estimation algorithm,
and provides the asymptotic theory for the resulting estimator. Section 6 contains our empirical
application, and Section 7 concludes. The appendix includes all proofs and additional remarks on

the models and assumptions.



1.1 Related Work

Panel data methods in econometrics. Consider a setting where one observes repeated measure-
ments of multiple heterogeneous units over T' time steps. Prominent approaches for this setting
include difference-in-differences (Ashenfelter and Card, 1984; Bertrand et al., 2004; Angrist and
Pischke, 2009) and synthetic controls (Abadie and Gardeazabal, 2003; Abadie et al., 2010; Hsiao
et al., 2012; Doudchenko and Imbens, 2016; Li and Bell, 2017; Xu, 2017; Amjad et al., 2018, 2019;
Li, 2018; Arkhangelsky et al., 2020; Bai and Ng, 2020; Ben-Michael et al., 2020; Chan and Kwok,
2020; Chernozhukov et al., 2020; Fernandez-Val et al., 2020; Agarwal et al., 2021b, 2020a; Athey
et al., 2021). These frameworks estimate what would have happened to a unit that undergoes an
intervention (i.e., a “treated” unit) had it remained under control (i.e., no intervention), potentially
in the presence of unobserved confounding. That is, they estimate the counterfactual outcome
of a treated unit if it had remained under control for all 7" time steps. Recently, the difference-
in-differences literature has advanced by taking heterogeneity seriously under staggered designs
(De Chaisemartin and d’Haultfoeuille, 2020; Callaway and Sant’Anna, 2021; Sun and Abraham,
2021; Borusyak et al., 2024, among others). Staggered intervention has also been examined in
the synthetic controls literature (Shaikh and Toulis, 2021; Ben-Michael et al., 2022; Powell, 2022;
Cattaneo et al., 2025). These approaches typically estimate the counterfactual trajectory of treated
units had they remained not-yet-treated.

Both one-shot and staggered designs can be viewed as special cases of the general problem we
study in this paper: estimating counterfactual outcomes for a unit under any hypothetical sequence
of interventions over the T' time steps. A critical aspect underlying the above methods is the structure
assumed between units and time under “control.” One elegant way of encoding this structure is
through a latent factor model (also known as an interactive fixed effects model), Chamberlain (1984);
Liang and Zeger (1986); Arellano and Honore (2000); Bai (2003, 2009); Pesaran (2006); Moon and
Weidner (2015, 2017). In such models, it is posited that there exist low-dimensional latent unit
and time factors that capture unit- and time-specific heterogeneity, respectively, in the potential
outcomes. Since the goal in these works is to estimate outcomes under “control,” no structure is
imposed on the potential outcomes under intervention.

In Agarwal et al. (2020b, 2021a), the latent factor model is extended to incorporate latent factor-
ization across interventions as well, which allows for identification and estimation of counterfactual
mean outcomes under intervention rather than just under control. In Section 3, we provide a detailed
comparison with the synthetic interventions framework introduced in Agarwal et al. (2020b). That
framework, however, is designed for static regimes and faces two key limitations in the dynamic
treatment setting: (i) it does not allow for adaptive treatment assignment over time, and (ii) if there
are A possible interventions at each of the T' time steps, the sample complexity of the synthetic
interventions estimator scales as A7 in order to estimate all possible intervention sequences. The
non-adaptivity requirement and the exponential dependence on 1" make this estimator ill-suited for
dynamic treatments, especially as T grows. We show that by imposing that an intervention at a given

time step has an additive effect on future outcomes—i.e., an additive latent factor model—we achieve



Linear Factor Models Donor Donor Sam- Adaptivity of

Granularity ple Intervention Policy
Complexity
Naive LFM dr O(AT) Non-adaptive
(Synthetic Interventions)
Additive  Time-Varying (d,t) OAxT) Adaptive after some pe-
LFM riods (i.e., staggered
(This Work) adoption of adaptive pol-
icy)
Additive Time-Invariant d O(4) Adaptive after period 1
LFM

(This Work)

Table 1: Comparison of Donor Sample Complexity and Adaptivity Across Models.

significant gains in what can be identified and estimated. We study two variants, time-varying
and time-invariant versions, which respectively nest the classical linear time-varying and linear
time-invariant dynamical system models as special cases. We establish identification results and
propose associated estimators to infer all AT counterfactual trajectories per unit. Importantly, our
identification result allow the interventions to be selected in an adaptive manner, and the sample
complexity of the estimator no longer exhibits exponential dependence on T'; see Table 1.
Another extension of such factor models is the class of “dynamic factor models”, originally
proposed in Geweke (1976). We refer the reader to Stock and Watson (2011); Chamberlain (2022) for
extensive surveys, and to Imbens et al. (2021) for a recent analysis of such time-varying factor models
in the context of synthetic controls. These models are similar in spirit to our setting in that they
allow outcomes for a given time period to be dependent on outcomes from lagged time periods in
an autoregressive manner. To capture this phenomenon, dynamic factor models explicitly represent
the time-varying factor as an autoregressive process. However, the target causal parameter in
these works is significantly different—they focus on identifying the latent factors and/or forecasting.
There is relatively less emphasis on estimating counterfactual mean outcomes for a given unit under
different sequences of interventions.
Linear dynamical systems in machine learning. Linear dynamical systems are an extensively
studied class of models in the machine learning and applied mathematics literature, and are widely
used as linear approximations to many nonlinear systems that nevertheless perform well in practice.
A seminal work in this area is Kalman (1960), which introduces the Kalman filter as a robust solution
for identifying and estimating the linear parameters that define the system. We refer the reader
to the classic survey in Ljung (1999) and the more recent survey in Hardt et al. (2016). Previous
works typically assume that (i) the system is driven by independent, and identically distributed

(i.i.d.) mean-zero sub-Gaussian noise at each time step, and (ii) both the outcome variable and



a meaningful per-time step state are observed and used in estimation. In contrast, we allow for
confounding—i.e., the per-time-step actions chosen can be correlated with the system’s state in
an unknown manner—and we do not assume access to a per-time-step state, only to the outcome
variable. To tackle this setting, we show that linear dynamical systems, both time-varying and
time-invariant, are special cases of the latent factor model that we propose. Our recursive “synthetic
blip effects” identification strategy enables estimation of mean counterfactual outcomes under any
sequence of interventions without first performing system identification, and despite unobserved

confounding.

1.2 Setting and Notation

Notation. [R] denotes {1,..., R} for R € N. [Ry, Rs] denotes {Ry,...,Rs} for Ry, Ry € N, with
R1 < Rs. [R)o denotes{0,..., R} for R € N. For a vector a, we define a' as its transpose. For
vectors a,b € R?, we define the inner product of a and b as (a,b) =a'b = 22:1 apbp. For a matrix
M € R™*" we denote its Frobenius norm as ||M||r. Let O, and o, denote the probabilistic versions
of the deterministic big-O and little-o notations.
Setup. Let there be N heterogeneous units. We collect data over T' time steps for each unit.

Observed outcomes. For each unit and time period n,t, we observe Y,; € R, which is the
outcome of interest.

Treatments. For each n € [N] and t € [T], we observe treatment actions D, ; € [A], where
A € N. We allow D,, ; to be categorical, i.e., it can simply serve as a unique identifier for the action
chosen. Denote a sequence of actions (d,...,d;) by d* € [A]; denote (dy, ...,dr) by d' € [A]T .
Define D!, D! analogously to dt, d', respectively, but now with respect to the observed sequence of
actions Dy, ;.

Control and interventional period. For each unit n, we assume there exists ¢} € [T'] before which
it is in “control”. We denote the control action at time step t as 0; € [A].! Note 0, and 0; for £ # t,
do not necessarily equal each other. For ¢ € [T], denote 0' = (01, ...,0;) and 0' = (0, ...,0r). For

' = 0ta~L. That is, during the control period all units are

t < t;, we assume D, ; = O, i.e., DZ’*F
under a common sequence of actions, but for ¢ > ¢;, each unit n can undergo a possibly different
sequence of actions from all other units, denoted by Qﬁl. Note that if ¢; = 1, then unit n is never
in the control period.

Counterfactual outcomes. As stated earlier, for each unit and time period n,t, we observe
Y.+ € R, which is the outcome of interest. We denote the potential outcome if unit n had instead

(d")

— jt De g0+1
undergone d' as Ynﬁ . More generally, we denote the potential outcome Yn(f"’d ) if unit n receives
the observed sequence of actions Dfl till time step ¢, and then instead undergoes d‘™! for the
remaining ¢ — ¢ time steps. 2

We make the standard “stable unit treatment value assumption” (SUTVA) as follows.

The notation 0, is introduced to allow a general control action that is not necessarily “no treatment.”

"l ge+1
ZWe are slightly abusing notation as the potential outcome ng,? 4 g only a function of the first ¢ — £ components

of d**!, which is actually a vector of length T — .



Assumption 1 (Sequential Action SUTVA). For all n € [N],t € [T],£ € [t],d" € [A]*:

ste[Alt

Further, for all D}, € [A]t:

. _ _ e g1y - 1 2
(d",d"1) | DY = d' equals erﬁ)n’d o | Dy, = d", and Yrgit) | Dy

Il
S
=

As an immediate implication, Y,
equals Yy, | DY = d*.

Goal. Our goal is to accurately estimate the potential outcome if a given unit n had instead

undergone d’ (instead of the actual observed sequence DZ; ), for any given sequence of actions dr
T

over T times steps. That is, for all n € [N] d' € [A]T, our goal is to estimate Yn(dT). We more

formally define the target causal parameter in Section 2.

2 Latent Factor Model for Dynamic Treatments

We now present a novel latent factor model for causal inference with dynamic treatments. Towards

that, we first define the collection of latent factors that are of interest.

Definition 1 (Latent factors). For a given unit n and time step t, denote its latent factor as vy, ;.
For a given sequence of actions over t time steps, d', denote its associated latent factor as wg:.

Denote the collection of latent factors as

LF = {U"’t}ne[N]ﬂfe[T] U {th}Jte[A]t, te[T] -
Here v, 4, wg € R™Y  where m(t) is allowed to depend on t.

Assumption 2 (General factor model). Assume ¥ n € [N], t € [T],d' € [A],

It Jt
Y% = (o wg) + ). (1)

Further,
B[ | £F] = 0. 2)

In (1), the key assumption made is that v, + does not depend on the action sequence dt, while
wge does not depend on unit n. That is, v, captures the unit n specific latent heterogeneity in
determining the expected conditional potential outcome ]E[Yn(f) | LF]; wg follows a similar intuition
but with respect to the action sequence d'. Importantly, the factors can be correlated with the

treatment sequence D!, making them unobserved confounders. This latent factorization will be



key in all our identification and estimation algorithms, and the associated theoretical results. An
(d)

jT
nt 1s that it represents the component of the potential outcome Yn(‘{f) that is

interpretation of
not factorizable into the latent factors represented by LJF; moreover, it helps model the inherent
randomness in the potential outcomes nyji;r). In Sections 4 and 5 below, we show how various
standard models of dynamical systems are a special case of our proposed factor model in Assumption

2.

Target Causal Parameter Our target causal parameter to estimate is, for all units n € [IN] and

any action sequence d’ € [A]T,
JjT
E[Yn(,dT) | LF], (target causal parameter)

i.e., the expected potential outcome conditional on the latent factors, LF. In total this amounts to

estimating N x AT different (expected) potential outcomes, which we note grows exponentially in 7.

3 Limitations of Synthetic Interventions Approach

Given that our goal is to bring to bear a novel factor model perspective to the dynamic treatment
effects literature, we first exposit on some of the limitations of the current methods from the factor
model literature that were designed for the static interventions regime, i.e., where an intervention is
done only once at a particular time step. We focus on the synthetic interventions (SI) framework
Agarwal et al. (2020b), which is a recent generalization of the popular synthetic controls framework.
In particular, we provide an identification argument which builds upon the SI framework Agarwal
et al. (2020b) and then discuss its limitations.

3.1 Identification Strategy via SI Framework
3.1.1 Notation and Assumptions

Donor units. To explain the identification strategy, we first need to define a collection of subsets
of units based on: (i) the action sequence they receive; (ii) the correlation between their potential

outcomes and the chosen actions. These subsets are defined as follows.

Definition 2 (SI donor units). For d € [A]7,

1% = {j € [N]: () DY = d", (ii) V" € [A]", E[Y) | DY, LF) =0} (3)

The donor set Z¢' contains units that receive exactly the sequence d’. Further, we require that

— ST —
for these particular units, the action sequence was chosen such that ¥ 67 € [A]T, E[5§5T) | D]T, LF] =

ST sT —
E[sz) | LF] =0, ie., 5§fT) is conditionally mean independent of the action sequence D]T unit j
- ST —
receives. Note a sufficient condition for property (ii) above is that V 67 € [A]T, Yj(; )1 DjT | LF.

That is, for these units, the action sequence for the entire time period 7" is chosen at ¢ = 0 conditional



on the latent factors, i.e., the policy for these units is not adaptive (cannot depend on observed
outcomes Yj; for t € [T1).

Assumption 3. Vn € [N],d" € [A]T suppose that vp, T satisfies a well-supported condition, i.e.,

T 5T
there exists linear weights B”’Id e RT" | such that:

al
UnT = Z B;L’I vj - (well-supported factors)

jezd

Assumption 3 essentially states that for a given sequence of interventions d? € [A]”, the latent
factor for the target unit v, r lies in the linear span of the latent factors v; 7 associated with the
“donor” units in Z% . Note by Theorem 4.6.1 of Vershynin (2018), if the {vjr}jein) are sampled
as independent, mean zero, sub-Gaussian vectors, then span({v;r : j € IgT}) = R™T) with high
probability as |Z¢" | grows, and if |Z9" | > m(T) (recall m(T) is the dimension of Un,T)-

3.1.2 Identification Result

We then have identification for the target parameter, which states that the (target causal parameter)
can expressed as a function of observed outcomes. It is an adaptation of the identification argument
in Agarwal et al. (2020b).

Theorem 1 (SI Identification Strategy). Let Assumptions 1, 2, and 3 hold. Then, for ¥n €

[N],d" € [A]T, the mean counterfactual outcome can be expressed as:

-
EYS) LR =E| S 807 Yir | LF, 17

jezd”

Interpretation of identification result. Theorem 1 establishes that to estimate the mean
counterfactual outcome of unit n under the action sequence d’, select all donors that received that
—dr

sequence, i.e., DT , and for whom we know that their action sequence was not adaptive. The

target causal parameter then is simply a linear re-weighting of the observed outcomes (YJT)J czdT

T
where these linear weights B?”I express the latent factor v, r for unit n as a linear combination of

{UJ}T}]‘GIJT .

3.1.3 Discussions: SI Identification Strategy

Donor sample complexity. To estimate E[YTE?) | LF] for all units n € [N] and any action
sequence d € [A]”, this SI identification strategy requires the existence of a sufficiently large subset
of donor units Z%" for every d? € [A]T. That is, the number of donor units we require will need to
scale at the order of AT, which grows exponentially in 7.

Donor exogeneity conditions. Further, the actions picked for these donor units cannot be
adaptive as we require V 67 € [A]T, E[egi ) \ DjT, LF] = 0 for them. See Figure 1 for a directed



Figure 1: DAG that is consistent with the exogeneity conditions implied by the definition of 7d".

acyclic graph (DAG) that is consistent with the exogeneity conditions implied by the definition of

79" in (3).

Overcoming limitations of SI identification strategy. Given this combinatorial explosion in
the number of donor units and the stringent non-adaptivity requirements on these donor units, in
the following sections we study how additional structure on the latent factor model gives rise to
novel identification strategies, which allows us to reduce the donor sample complexity and remove

the exogeneity requirements between the chosen actions and the donor units.

4 Linear Time-Varying Latent Factor Model

Motivated by the limitation of the identification strategy in Section 3, we now impose additional

structure on the latent factor model.

Assumption 4 (Linear time-varying (LTV) factor model). Assume ¥ n € [N], t € [T],d" € [A},

t

Vi =3 (0 wa, ) e, (4)
/=1

where wﬁgé,wde € R™ for £ € [t]. Further, let LF = {¢£ié}ne[N},te[T],ée[t] U{wa}aefa)- Assume
) | £F] =o. (5)
Remark. Note Assumption 4 implies Assumption 2 holds with
Unt = [ f{l, . ,wff], Wi = [Way s -, Wa,]-

Further m(t) = m x t for m(t) in Definition 1.

10



We see that there is additional structure in the latent factors. In particular, the effect of action

Jt
Yéi) for ¢ € [t] is additive, given by (W{Z,wdé). Intuitively, w,t@’e captures the latent unit

dy on
specific heterogeneity in the potential outcome for unit n at a given time step ¢ for an action taken
at time step £ < t; analogously wy, captures the latent effect of action d,. This additional structure

along will be useful in the identification strategy we employ in Section 4.2.

4.1 Motivating Example

A time-varying dynamical system is useful in modeling the dynamic evolution of treatment and
outcome sequences. We show that the classical linear time-varying dynamical system model satisfies
Assumption 4. Suppose for all ¢ € [T], all units n € [N] obey the following dynamic triangular
).

. — Dt
model for a sequence of actions D!, and counterfactual outcomes Y,f "

Dyt
Dn,t = fn(an,t,p ZﬁL,tfl ))a (6)
Dt Dt = -
Yn(yt " = <0n1t7 zﬁz,tn)> + <0n7t7an,t> + Nt (7)
(D}) (D) m
where Zp it = B, Zpiog + Cht wp,, + NMat and 2,0 = wp, , = 0. Here, 2, € R™ is the

latent state associated with unit n at time ¢ and wp, ,_, € R™ is the chosen action at time ¢ — 1.

Mnt € R™ and 7, + € R represent independent mean-zero random innovations at each time step ¢.
(Dy,)
n,t

to time step ¢ and this is what makes this model a time-varying dynamical system. In contrast,

B, +,C,+ € R™*™ are matrices governing the linear dynamics of z . Note B, +,C,,; are specific

in the classic linear time-invariant dynamical system described in Section 5.1 below, B, ; = B,

and Cp ;= C), for all t € [T]. 0,,4,0,; € R™ are parameters governing how the outcome of interest

y, (D5 (%)

is a linear function of z,
k)

and wy,, respectively. f,,(+) is a function which decides how the

next action wp, , is chosen as a function of the previous action wp
(D
n,t

correlated with D, ; for £ < t.

ni—1> and current state z, . We

see that due to the input of z ) in fn(+), i.e., the action sequence is adaptive. As a result, 0, ¢ is

Proposition 1. Suppose the dynamic triangular model (6)—(7) holds. Then we have the following

representation,

v -y ({wht wa, ) +ene). (s)

(=1

11



where w#, wq, € R™ for £ € [t]; here,

" /
fl’é = (( H Bn,k:) Cn,[) 9,17,5 for /e [t — 1],
k=0+1

C/ tent + ent’

/
Engtl = (( H Bn,kz) %,é) Ont for Le[t—1],

k=(+1

/ ~
Entt = UMt + Tt

( )

Therefore, Assumption 4 holds with the additional structure that €, ,’ has an additive factorization

as 2221 Ent,e, and it is not a function of dy.

In this example, our target parameter E[Y(d | LF] defined in (target causal parameter) trans-
lates to the expected potential once we condition on the latent parameters 1/1,1 ,Wq,, which are a
function of By, 1, Ch t, On s, én,t. Here the expectation is take with respect to the per-step independent

mean-zero random innovations, &, ¢ ¢, which are a function of {7, 4, fnq }q>¢ (and By, Crt, Oty Ont)-

4.2 LTV Ildentification Strategy

g
In this section we identify E[Yﬁ[) | LF], that is, we represent this expected potential outcome for a

target unit n and action sequence d” as some function of observed outcomes.

4.2.1 Notation and Assumptions

Notation. We define the following useful notation for any unit n € [N]:

Va1t (dp) = <w§7t, Wq, — Wwo, ) -

Note that ~,7.:(d;) can be interpreted as a “blip effect” —the expected difference in potential
outcomes if unit n undergoes the sequence (d¢,0*1) instead of (d*~',0!). In particular, note that

Assumption 4 implies

T Ot+1)

B [r G -y

( (d_t 0t+1) (dt 1 Ot
- Yn,T

|£F} —E [<¢g’t,wdt — g,y + el el |£.F]
= < Tt , W, —wgt> | LF.

Further, let

T
E ’wot

12



This can be interpreted as the expected potential outcome if unit j remains under the control

sequence 07 till time step 7. Again, Assumption 4 implies

E|v%) | LF| =E

T
an Jwo,) + 00 [ LF| =37 (wlt w,) | LF. (9)
t=1

Assumptions. We now state assumptions we need for the identification strategy that we propose.

Donor sets. We define different subsets of units based on the treatment sequence they receive:

I = {j € [N] : (i) D} = (01, ...,0¢1,d),
(ii) v 5" € (A", E[Y}.) | LF, DY =E[Y5.) | LF]}. (10)

The donor set Itd contain units that remain under the control sequence (01, ...,0;_1) till time step
t—1, and at time step ¢ receive action d (i.e., t;, > t—1). Further, we require that for these particular
units, the action sequence, D;, till time step t was chosen such that E[Y;‘;T) | LF, D;] = E[YJS(STT) |
LF], i.e., the potential outcomes are conditionally mean independent of the action sequence D;
unit j receives till time step ¢. Of course, a sufficient condition for property (ii) above is that
v ol e [A)T, Yj(éﬂT) 1 D; | LF. That is, for these units, the action sequence till time step ¢ is
chosen at t = 0 conditional on the latent factors, i.e., the policy for these units can only be adaptive
from tlme step t + 1. Note given Assumption 4, this property (ii) can be equivalently stated as
Bl | £F, DY) =Bl | £7] = 0.

[, nT]. We assume that for all n € [N], Un,T

Assumption 5. Forn € [N], let v, =
satisfies a well-supported condition with respect to the various donor sets, i.e., for all d € [A] and

t € [T, there exists g e RIE such that

d
Un,T = Z ﬁ?zt Uk, T - (LTV well-supported factors)
kezd
Assumption 5 requires that for units n € [N], their latent factors [ Yo ,¢n ] are expressible

as a linear combination of the units in the donor sets Z!. See the discussion under Assumption 3 in

Section 3 justifying such an assumption for settings when Z¢ is sufficiently large.

Assumption 6. For alln € I¢,t € [T],d"' € [A]t,

Jt’0t+1 thlvgt — —
E [er,Tf ) - Yn(,T V| D! = dtyﬁf] = Yn1t(dt) | LF.
Note that given Assumption 4, this condition can be equivalently written as

E |50 — ety | DL = d £F] =0

Below we give two sufficient conditions under which Assumption 6 holds.
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(Jt 0t+1) (d_t_l,Ot)

1. Sufficient condition: Non-action dependent noise. Assumption 6 holds if €, "/~ =c, 7 s
. e (d00T) (d*~1,0%) : 7yl Jt—1 ot :
which occurs if €, and €, are not a function of (d*,0"""), and (d"~*,0"), respectively.

The motivating example of a classic linear time-varying dynamical system given in Section 4.1
satisfies this property.
2. Sufficient condition: Additive action-dependent noise. We now relax the sufficient condition

t+1 t 1
above that a(dTO ) and ¢ ( ) are not a function of the action sequence. Instead, suppose for

all ¥ € [A]7, gldT) = Zt 1 nm , where we assume that conditional on LF, 77,%) are mutually

independent for all ¢ € [T, and d; € [A]. Then ag;’gtﬂ) - 555; N 777(:%) - 777(3;)- In this case, a

sufficient condition for Assumption 6 is that
d 0
772,;)7772,? AL Dy | LF.

That is, conditional on the latent factors, the action D, ; at time step t is independent of the

additional noise 772 tT)t, 7]7(l T)t generated at time step t. Note however that 5 .M_ Dn t | LF. This is

(d) (@) )
n¢ Temain auto-correlated, i.e., . _JL5 | LF. Also 5 _JL D, | LF,

because ¢, ,  and e
as the action D, ; can be a function of the observed outcomes Ym_l.

Sequential conditional exogeneity, SNMMs and MSMs. We now connect our assumptions
more closely to the notation and assumptions used in the structural nested mean model (SNMM)
and the marginal structural model (MSM) in the statistics literature on dynamic treatment effects.
A typical assumption in these literatures is sequential conditional exogeneity, which states that
for some sequence of random state variables S, ;, the treatments are sequentially conditionally

exogenous, i.e.:

vde AT YD L D, |5, DY = di, LF, (11)
where S{71 = (S,.0,...,nt-1). Moreover, assume that the blip effects admit the following factor
model representation:

E v G0 =y G S Dl = & LF| = (0] wa, — wo,) | £F. (12)

(12) implies that the conditional mean of the blip effect is invariant of the past states and actions.

Lastly, assume that the baseline potential outcome has a factor model representation, i.e.:

T
oT
E v | £F| = ;<¢;€’t,wgt> | LF. (13)

Then we have the following proposition,
Proposition 2. Let (11), (12) and (13) hold. Then Assumptions 4 and 6 hold.

The proof of Proposition 2 can be found in Appendix A. The proof, which is an inductive
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Donor Type Donor Set Treatment Sequence

1 79 (01,02)
2 7 (01, ds)
3 i (d1, Ds)

Table 2: Donor Types with T' = 2.

argument, is in essence known in the literature, i.e., SNMM models that are past action and
state independent also imply a marginal structural model, i.e. Assumption 4, (see e.g. Technical
Point 21.4 of Herndn and Robins (2020)). We include it in our appendix for completeness and to
abide to our notation. Thus instead of Assumptions 4 and 6, one could impose (11)—(13), which
are more in line with the dynamic treatment effect literature. Our identification argument would
then immediately apply. However, our assumptions are more permissive and flexible in their current
form. For instance, unlike a full SNMM specification, our blip definition in Assumption 6 only
requires that the blip effect is not modified by past actions, but potentially allows for modification
conditional on past states that confound the treatment. However, the full SNMM model presented

above precludes such effect modifications.

4.2.2 Identification Result

Given these assumptions, we now present the main identification results. We first illustrate the key
intuition behind the identification analysis in a simple two-period setting. Note that, for given unit
n and action sequence (di,d2) € [A] x [A], the expected potential outcome—the main causal object

of interest—can be decomposed into two blip effects and a baseline outcome:

E[v@®)] =B [yd®)] - E [y,00®)] + B [y00)] - E [y08)] +E [y09],  9)

Blip; (d1) Blip, (d2) Baseline

where we suppress for simplicity the subscript 7" of terminal period (T = 2) from the expression
Yn(dl’dQ) and conditioning of LF. Here Blip,(d;) is unit n’s treatment effect of intervention d;
compared to baseline 0; for time step ¢ with common interventions for all other time steps and the
baseline is unit n’s expected potential outcome if the unit is remained under the control sequence for
all T' time steps. Under Assumption 4, E[Y,hfdl’dQ)] =37 (v, wg,). In other words, Assumption 4
imposes latent factor structure on blip effects and baseline outcomes: Blipy(da) = (v2, wg, — wo,),
Blip; (d1) = (v}, wa, —wo,), and Baseline = "7 (v, wp,). This way, we assume blips effects and
baseline of units can be represented as linear combinations of one another, making the identification
problem akin to those in synthetic control and synthetic intervention.

Based on the latent factor structure, we now demonstrate how each component in (14) can be
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recursively identified by constructing synthetic units based on an appropriate type of donors (Table
2). In Step 1, starting with the baseline E[Y,q(ol’()?)], we create a synthetic baseline for all units
via linear combination of the observed outcomes of Type 1 donors, which identifies the baseline.
Next in Step 2, for Blip,(da), we create a synthetic Blipy(dsz) for all units via linear combination
of Blipy(ds) = E[ngol’dQ) — Y,EO“(’?)] for Type 2 donors. Note that the blip effects of these donors
are “observed” (i.e., already identified), as E[Yéol’dg)] = E[Y,,] for these donors and their baselines
E[ngol’%)] are identified in Step 1. Finally in Step 3, to identify Blip,(d;), we first construct
“observed” Blip;(d;) for Type 3 donors. Note that, under Assumption 4, Blip;(d;) can be expressed

as, with the observed action Do (n suppressed) of the unit,

E [v{®:P2)] —E |[¥,0P2)] =B [y{®:P2)] —E [y,0P2) - y,002)] _ g [y 0]

On the right-hand side, the first term satisfies E[Yn(dl’Dz)] = E[Y},] for these donors, the second term
is Blipy(D2) identified for these donors in Step 2, and the third term is the baseline identified for
these donors in Step 1. Now that Blip,(d;) for Type 3 donors are identified, linear combination of
them identifies Blip;(d;) for all units. Therefore, we identify E[Yédl’dz’)] for all units and any given
(d1,ds) € [A]?.

We now present the formal identification results for general T'.

Theorem 2. Let Assumptions 1,4, 5, and 6 hold. Then, for any unit n € [N] and action sequence

d' € [A]T, the expected counterfactual outcome can be expressed as:

T
E[Yn(jiTT) | LF] = Z’Yn,T,t(dt) +bnr | LF, (identification)
=1

where quantities on the right-hand side are identified as follows:

(i) We have the following representations of the baseline outcomes

VieZd . bjr| LF =E[Yr | LF, j€IY, (observed control)
VigIh : bip|LF = Z B;’Z% i | LF,TY. (synthetic control)
JETY.

(ii) We have the following representations of the blip effect at time T for Vd € [A]:

VijieTZ¢ cvyjrr(d) | LF = EYjr | LF, j€ T8 —bjr | LF, (“observed” blip at time 7T')

. d
Vig¢gT¢ yirr(d) | LF = Z B;’IT7j7T,T(d) | LF,T4. (synthetic blip at time T')
jezd
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(iii) We have the following recursive representations of the blip effect ¥V t < T, d € [A]:

T
VieI! : yira(d) | LF = EY;r | LFI) = bjr | LF = Y vjre(Dje) | LF,
(=t+1

(“observed” blip at time t)

: d i,7¢ d C 1 .
VigZy : viri(d) | LF = Z By vra(d) | LF, LY. (synthetic blip at time )
JET

Interpretation of identification result. (identification) states that our target causal parameter of
interest can be written as an additive function of b, 7 and 7, 7+(d;) for t € [T] and d; € [A]. Theorem
2 establishes that these various quantities are expressible as functions of observed outcomes{Y; '} jc[n]-
We give an interpretation below.

Identifying baseline outcomes. For units j € I%, (observed control) states that their baseline
outcome b;r is simply their expected observed outcome at time step 7', i.e., Y;r. For units
i¢ I%, (synthetic control) states that we can identify b; 7 by appropriately re-weighting the baseline
outcomes bj 7 of the units j € Z% (identified via (observed control)).

Identifying blip effects at time T. For any given d € [A]: For units j € I%, (“observed” blip at time T')
states that their blip effect v; 77 (d) is equal to their observed outcome Y; 1 minus the baseline
outcome b; 7 (identified via (synthetic control)). For units i ¢ Z¢, (synthetic blip at time T') states
that we can identify +; 7.7(d) by appropriately re-weighting the blip effects ;7.7 (d) of units j € Z¢
(identified via (“observed” blip at time T')).

Identifying blip effects at time t < T. Suppose by induction 7, 7,(d) is identified for every ¢ €
[t+1,T], n € [N], d € [A], i.e., can be expressed in terms of observed outcomes. Then for any given
d € [A]: For units j € Z¢, (“observed” blip at time t) states that their blip effect v;7.¢(d) is equal to
their their observed outcome Y} 7 minus the baseline outcome b; 7 (identified via (synthetic control))
minus the sum of blip effects ,_, 11 75,1,¢(Dj¢) (identified via the inductive hypothesis). For units
i ¢ I¢, (synthetic blip at time t) states that we can identify v; 7,(d) by appropriately re-weighting
the blip effects v;7.¢(d) of units j € Z¢ (identified via (“observed” blip at time t)).

4.2.3 Discussions: LTV Identification Strategy

Donor sample complexity. To estimate E[erfi;) | LF] for all units n € [N] and any action
sequence d! € [A]T, the LTV identification strategy requires the existence of a sufficiently large
subset of donor units Z for every d € [A] and ¢ € [T]. That is, the number of donor units we
require will need to scale at the order of A x T', which grows linearly in both A and T increases.
Thus we see the the additional structure imposed by the time-varying factor model introduced in
Assumption 4 leads to a decrease in sample complexity from AT to A x T, when compared with the

general factor model introduced in Assumption 2.

Remark. The additive structure in Assumption 4 can be relazed to a hybrid structure that allows

for flexible interaction among treatments for a fized number (e.g., h) of consecutive periods, while
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Non-Adaptive Period Adaptive Period

Figure 2: DAG that is consistent with the exogeneity conditions implied by the definition of Z¢.
From time step ¢ + 1, the action sequence (Dy ¢+1,..., Dy 1) can be adaptive, i.e., dependent on
the observed outcomes {Y}, ¢ };c) (depicted by the red arrow).

maintaining additivity across the fized windows: the latent factor wg in Assumption 2 satisfies

Wgt = [wdl, e ,wczt],dg = (dg,thl, ...,Clg), / 2 h.

Then the sample complezity can be bounded by A™ x T. This remark highlights the trade-off between

sample complexity and model flexibility.

sT
Donor exogeneity conditions. Further, for j € Z{, we require that V 67 € [A]T, E[EE(ST) |

LF, Dj] = 0. That is, the actions picked for these donor units are only required to be non-adaptive
till time step t as opposed to being non-adaptive for the entire time period T, which was required
for the ST identification strategy in Section 3. See Figure 2 for a DAG that is consistent with the
exogeneity conditions implied by the definition of Z¢ in (10).

Overcoming limitations of LTV identification strategy. We have shown that this additional
linear time-varying latent factor structure, motivated by a linear time-varying dynamical system,
yields substantial gains in terms of the number of donor units required and the flexibility of their
action sequences. This begs the question of how much more can be gained if we instead consider a
linear time-invariant latent factor structure, motivated by a linear time-invariant dynamical system.
In Section 5, we show that this additional structure surprisingly implies far better donor sample

complexity and less stringent exogeneity conditions on the donor units.

4.3 SBE-PCR Estimator in LTV Setting

Here we detail the specific algorithm that yields the SBE-PCR estimator. To do so we consider the

following additional covariates.

Assumption 7 (Additional Covariates). For each unit n € [N], we assume access to covariates
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X, € RP such that each element satisfies

Xn,k = <'Un7T7pk> + Enk, (15)

where v, T is the unit latent factor defined in Assumptions 2 and €, ) is independent mean-zero
noise. Denote X € RPN = [X1,..., Xn]. We can also design more general time-varying covariates

as detailed in Appendiz C.3.

We make an additional assumption regarding control factors in order develop an algorithm with

consistent control estimators as will be seen in later sections.

Assumption 8. For any donor set, i.e., any t € [T], d € [A], and unit n € I there exist weights
¢n,I;1 € R such that
7Id
Un,T = Z ¢p v
keZi\n

This assumption allows us to detail the algorithm for estimating weights using Principal
Component Regression (PCR). Specifically, for each d € [A], t € [T], and unit n € [N] we
consider the donor set Itd and estimate weights to express the response vector X,, € R? as a linear
combination of the covariates from other donor units. The corresponding matrix of covariates is
XItd\n =X . Td\n € RPXIZ! \7lwhich only chooses the relevant donor columns.

We will apply PCR by regressing X,, € RP on the rank kzg\n—approximation XIgl\n with
kra, = rank(E[XIg\n]), Le., conducting PCR with parameter kza\,. Denote the Singular Value
Decomposition (SVD) of Xza\, as

Xrpn = D _ort,
>1
where u; € RP and v; € RIZA\ are the left and right singular vectors arranged in decreasing order

of corresponding singular values ¢;.% At this point we know if n € T

kIg\n

gZA)”’Id = Z (/o)) | X, € RIZHL
=1

and if n ¢ T}
kIgl

Bn,If = Z(l/Ug)’UluE Xn S Rlzg‘.
=1

The distinction between using 5 and ¢ is to emphasize the difference in dimension. For justification
of using PCR in our context, refer to Agarwal et al. (2021b, 2020a). Given our weight estimation
algorithm above we are ready for our SBE-PCR algorithm.

Step 1: Estimate baseline outcomes.

3Notice that depending on if unit n is in the donor set Z¢ our covariate matrix size varies. This is intentional in
order to unify notation between units in donor sets and those not in donor sets, since Z{ \n= I¢ifn ¢ e,
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1. For j € IV

2. Fori ¢ 1%

Step 2: Estimate blip effects at time T

For d € [A]:
1. For j € 7¢
Frrd) = > o TYkT
keTd\j
2. For i ¢ 74

A 51,TS
Yirr(d) = Z B T4, (d).

e7d
JELT

Step 3: Recursively estimate blip effects for time ¢t < T'.
Ford e [A] and t € {T —1,..., 1}, recursively estimate as follows:

1. For j € T¢

T
N ~4,I8 » N
Yirpd) = > (Yk,T —ber— Y ’Yk,T,e(Dk,e)> :

kezd\j I=t+1
; d
2. For i ¢ I}

“ ~, T4
Yirt(d) = Z B Ajr(d)

jeT

Step 4: Estimate target causal parameter. For n € [N], and d’ € [A]7, estimate the

causal parameter as follows:

T
]E[ nT ’ﬁf Z Tt (de) + b . (16)

All the relevant weights in the above algorithm as computed via the previous PCR based

algorithm.



4.4 SBE-PCR Consistency in LTV Setting
4.4.1 Additional Assumptions for Consistency

We state additional assumptions required to establish the consistency of the SBE-PCR estimator.

Assumption 9 (Sub-Gaussian Noise). For all n € [N] and d' € [A]T, 67(5;) are independent
sub-Gaussian random variables with Var(sff? | LF) = 0% and ”555;) | LF||y, < Co for some

constant C > 0.

Assumption 10 (Bounded Expected Potential Outcomes). For all n € [N] and d* € [A]T, we
JjT

have E[Y,'.) | LF] € [~1,1].

Assumption 11 (Well-Balanced Singular Values). For alld € [A] and t € [T] we have [|[E[X 74| LF]||

d| . . .
cp|T¢| where XIgl € RPXIZEL s the relevant data matriz of observed covariates and k' > ¢ where

is the condition number of E[XIE\E}"] for constants ¢, > 0.

Assumption 12 (Row-Space Inclusion). For all d € [A] and t € [T] there exist {ﬁfd’t)}ie[p] such
that for any j € I{

p
E[Y;rlLF,j € I = Y & Bl(Xz)ylLF. j € T,
i=1

d| . . .
where X4 € RPXIZEL s the relevant data matriz of observed covariates.

The first three assumptions are standard and identical to those presented in (Agarwal et al.,
2020b, Section 4.3). The final assumption facilitates consistency by ensuring that the test data
lies within the subspace spanned by the training data—specifically, within its row space—thereby
enabling generalization of SBE-PCR. It turns out that this is not a very restrictive assumption and
standard within the literature. Appendix C.3 lists a sufficient condition for it and an implication

that will help us later on.

4.4.2 Consistency Results

Theorem 3. Let assumption 1 to 12 hold. Consider the SBE-PCR estimator in Section 4.3 and
suppose k = maxge(a) e[m) mnk(E[XItd]). Then conditional on the treatment assignments, LF, and

{pi}iepp) we have:

(i) Baseline Consistency: For any n € [N]

A E5/4 \/@ 1 1
bp —bor | LF =0 log(p|Z9]) | =7 + #°/? max : =
T T ‘ D g( ‘ T|) p1/4 p3/2 ‘I%‘ _1 \/]3

“Here the latent factors we condition upon include the feature vectors {pi}icip)- We also assume this for donor sets
of the form Zg \ n.

21



(ii) Terminal Blip Consistency: For any d € [A] and unit n € [N]

~ k7/4 3 \/TT 1 1
’)’n,T,T(d) - ’Yn,T,T(d) | LF = Op ( log(pﬂI) <pl/4 +k max{p3/2, \/ﬁ’ \/f)} )

where nz = max{|Z%, |Z¢|} and az = min{|Z2|, |Z4|}.
(iit) Non-Terminal Blip Consistency: For any d € [A], unit n € [N], andt € [1,...,T —1]:

’A)/n,T,t(d) - ﬁ)/n,T,t(d) ’ LF
L (T—=t)

=0p ((T_t) log(pmz) ( U 4+ k(T maX{;gE’ \/%7\}5})> ’

where C = {|Z%, |Z¢], (|I¢?n’qDne[N],qe[t—i-l,...,T]} with 77 = maxC, oz = minC.

(iv) Target Causal Parameter Consistency: For n € [N], and d* € [A]T:

Sy (@) (@) BT vz 1 1
E|Y —EY LF]=0,|T1 — + k — ——, —
[ n7T ] [ n7T ‘ ‘F] P < Og(pﬂ-l-) <p1/4 + max { p3/2 9 \/ﬁ? \/T) 9

where C = {|Z9], (\tht|)t€[T], (‘ItDn’tDne[N],te[2,...,T]} with 7 = maxC and az = minC. Here, each
Oy,(+) is defined with respect to the sequence min{p, az}.?

Theorem 3 concludes that the SBE-PCR estimator is consistent for the causal estimand. More
precisely, for a fixed k and 7', the estimation error decays as donor set cardinalities and p grow,
1/3

provided p = w(my ).6 Notably, the theorem establishes point-wise consistency, i.e., there is no

average across units to establish the result. The proof can be found in Appendix C.4.

Assumption 13. Let the setup of Assumption 4 holds. We further assume the counterfactual
potential outcomes depends on the most recent constant q blips, namely, for all units n € [N] and
telqg+1,T) we have 57" =0 for all i € [t — q — 1]. Notably, this implies that for any n € [N]

and dT € [A]T we have
T

EY T 1LF = 30 Wl wg,) + ).
{=T—q
Theorem 4. Let the setup of Theorem 3 and Assumption 13 hold. Then modifying the SBE-PCR
to only estimate the baseline, terminal blip, and previous q blips we have for any n € [N], and
df e [A]T:

@ gy @) _ KT g vz 1 1
Y, 7’| —E[Y, 7" | LF] —Op< log(pmr) <p1/4 + k?max P Jar=T b ,

&=

¢ D, . .
where C = {|ZY|, (|I£i/|)t€[T—q,..‘,T]a (1Z:" " Dnen) tefr—g+1,... 11} with 7 = max C and az = minC.

5Notice that oz < 71 by definition.
5To be explicit we are taking N — 0o, p — oo and with the additional assumption that each donor set grows at
the same rate there is a regime, i.e., relationship between p and N where estimation errors decays.
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Theorem 4 concludes that upon modifying the SBE-PCR estimator to account for the system
only depending on a constant g lags we have a consistent estimate of the causal estimand. More
precisely, for fixed k, the estimation error decays as donor set cardinalities and number of covariates
p grow, provided p = w(w%/ 3). Once again we have established pointwise consistency. However, the
key difference from the previous theorem is that now we allow T"— oo as well, which justifies the
growing number of covariates by including time-varying covariates, i.e., p can now depend on T
asymptotically. In the empirical application of Section 6, we include time-varying covariates in

estimation. The proof follows immediately from that of Theorem 3 and is included in Appendix C.5.

5 Linear Time-Invariant Latent Factor Model

Next, we introduce a linear time-invariant factor model, which is analogous to the factor model
introduced in Assumption 4 in the previous section, but which further exploits the modeling trade-off

discussed in Section 4.2.3.

Assumption 14 (Linear time-invariant (LTI) factor model). Assume ¥V n € [N], t € [T],d' € [A]t,
dt ‘ dt
Yn(,t) = Z < Zié’wd/g> + 52,1‘/)7 (17)
(=1
where Y% wy, € R™ for € € [t]. Further, let LF = {wﬁ_ﬁ}ne[N],te[T],ze[O,t—l} U{wa}qgea)- Assume

B[ | £F] =o0. (18)

Remark. Note Assumption 14 implies Assumption 2 holds with

Unt = | ﬁfl,..., fft], wg = [Wdy, -, Wa, ).

Further m(t) = m x t for m(t) in Definition 1.

Note that the effect of action d; on Yn(ff) for ¢ € [t] is additive, given by (5, wq,). Intuitively,

n
t—{
n

time step ¢, for an action taken at time step ¢ < t; analogously wg, captures the latent effect of

captures the latent unit specific heterogeneity in the potential outcome for unit n, at a given

action dy. Further, compared to Assumption 4, we now have the additional structure that, rather
than being dependent on the specific time steps £ and ¢, 1% ~* is only dependent on the lag ¢t — £.
As a result, the effect of action taken at time ¢ on the outcome at time ¢ is only a function of the
lag t — . Hence we call this a “time-invariant” latent factor model, as opposed to a “time-varying”
latent factor model. This additional structure will be crucial in the identification strategy we employ
in Section 5.2.

Non-varying control sequence. For this identification strategy, we make an additional assumption

that the control sequence is also time invariant.

Assumption 15. There exists 0 € [A] such that the control sequence 0; = 0 for all t € [T).
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5.1 Motivating Example

We show that the classical linear time-invariant dynamical system model satisfies Assumption 14.

Suppose for all ¢ € [T, all units n € [N] obey the following dynamic triangular model for a sequence

D)

— t
of actions D! and counterfactual outcomes Y,&t :

~t—1
Dyt = fulwp, , 1, 27(3’11 )), (19)
Yé}t)i) <9n, 27(3 )> + <9~n,an,t> + .t (20)

Nt t—1 Nt
where zﬁg " — B, zT(LDt 1) + Cy, wp,, + Mnt and 2,0 = wp, , = 0. Here, zg”) € R™ is the

latent state associated with unit n at time ¢ and wp € R™ is the chosen action at time ¢ — 1.

n,t—1
Mn,e € R™ and 7),; € R represent independent mean-zero random innovations at each time step

('n)

t. By, C, € R™*™ are matrices governing the linear dynamics of z, In contrast to the linear

time-varying dynamical system described in Section 4.1 above, these transition matrices are invariant

o)

across all t € [T]. Gn, 0, € R™ are parameters governing how the outcome of interest Yn(f" is a

)

linear function of z, ;" and wy,, respectively. f,(-) is a function which decides how the next action

. . . Dt
wp, , is chosen as a functlon of the previous action wp,, ,, and current state z,(l t"). We see that

n,t
t

due to the input of z " in f,(-), i.e., the action sequence is adaptive. As a result, 0, ¢ is correlated

with Dy, ; for £ < t.

Proposition 3. Suppose the dynamic triangular model (19)—(20) holds. Then we have the following

representation,

t

y @ =3 (< t de> + gnM), (21)

(=1

where @/}f{e, wq, € R™ for £ € [t]; here,

n

Py =

!
Entl = Bfﬂ%,e) Op for Let—1],

Bi-‘C ) 0, for Celt—1],

A/—\

C,) 0, + 0y,

nn,t), Hn + fln,t-

—~

Entt =

( )

Therefore, Assumption 14 holds with the additional structure that €, ,’ has an additive factorization

as ZZ:I En,t,e, and it is not a function of dy.

jT
In this example, our target parameter E[YTS%) | LF| defined in (target causal parameter) trans-
lates to the expected potential once we condition on the latent parameters wqtqu, wgq,, which are a
function of B,,,C,,,0,, 9~n, and we take the average over the per-step independent mean-zero random

innovations, e, +¢, which is a function of n, ¢ (and B, Cy,0y).
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5.2 Identification Strategy

Our goal in this section is to identify E[ nT ] LF], namely represent this expected potential

outcome for a target unit n and action sequence d’ as some function of observed outcomes.

5.2.1 Notation and Assumptions

Notation. We define the following useful notation for any unit n € [N] and t € [T7:

Ynr—t(d) = (Pt wg — wg) .

The quantity v, 7—¢(d) can be interpreted as a “blip effect”—the expected difference in potential

d_T_t, QT—H-I) CZT_t_l, QT—t)

outcomes if unit n undergoes the sequence ( instead of ( . This is because,

Assumption 14 and 15 imply

E |:Yn(ji;‘—t7QT7t+l) _ Yé?;‘ft—lng—t) ‘ Ef:|
=E [< It wg, —wy) —i—e(dT R Efl‘fpitil’gpt) | LF

= < T_t,wdt — w6> ’ ﬁf

n

Further, let

This can be interpreted as the expected potential outcome if unit n remains under the control
sequence 07 till time step 7. Again, Assumption 14 and 15 imply
(07)
E|YS) | LF] =E

ZW +€nt | LF Z(@b ,wg) | LF. (22)

Assumptions. We now state identifying assumptions.

Donor sets. We define two distinct subsets of units based on the treatment sequence they receive:

. I ~
={je[N]: (i) Dy =(0,...,0,d),
(i) v 8 € (A e e [T), BIY,}) | £F, DY) =Bl | LF]},  (23)
I} = {j € [N]: (i) D; = (0,...,0),
(ii) ¥ 5 € (A1, e € [1], E[YD) | £F, DY =E[Y) | LF}. (24)
The donor set Z¢ contains units that remain under the control sequence (6, e ,f)) till time step

t;‘f — 1, and at time step t*- receive action d. Further, we require that for these particular units, the

t*

action sequence, D , till time step ¢ was chosen such that IE[ | LF, D 4 = [ijft) | LF] for
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all 6t € [A]?, i.e., the potential outcomes are conditionally mean independent of the action sequence

D 3 unit j receives till time step t* Of course, a sufficient condition for property (ii) above is

that V o € [A]Y, j(f )1 Dj” | LF. That is, for these units, the action sequence till time step
t;f is chosen at ¢ = 0 conditional on the latent factors, i.e., the policy for these units can only be

adaptive from time step ¢; + 1. Note, given Assumption 14, (23) can be equivalently stated as
E[eﬁt ) | LF, D;-j | = E[eg) | LF] = 0. The donor set Z} follows a similar intuition to that of Z¢.

Assumption 16. Forn € [N], let v, := [¢0,...,v171]. We assume that for all n € [N], vy 1

n

satisfies a well-supported condition with respect to the various donor sets, i.e., for all d € [A] there
erists B”’Id € R'Id|, and 6”71? € R such that

d 0
Up,T = Z ﬁ,?’z Uk, T,  UnT = Z BZ’It VT (LTT well-supported factors)
kezd keT)

Assumption 16 essentially states that for the various units n € [N], their latent factors

[I=1 .. T=T] are expressible as a linear combination of the units in the donor sets Z¢ and Z}.

See the discussion under Assumption 3 in Section 3 justifying such an assumption for settings where

7% and T? are sufficiently large.

Assumption 17. For alln € [N],t € [T], & € [A]Y,

IE[ @) OO bt =5t LF] =o. (25)

nt

For sufficient conditions under which Assumption 17 holds, see the discussion under Assumption
6 in Section 4.2—an analogous argument holds here. Also an analogous version of Proposition 2
holds for the linear time-invariant setting using an identical argument.
5.2.2 Identification Result

Given these assumptions, we now present our identification theorem.

Theorem 5. Let Assumptions 1, 14, 15, 16, and 17 hold. Then, for any unit n € [N] and action

sequence d! € [A]T, the expected counterfactual outcome can be expressed as:

E[ nT ‘ LF] = Z’YnT t(dt) +bnr | LF, (identification)
t=1

where quantities on the right-hand side are identified as follows:

(i) We have the following representations of the baseline outcomes for all t € [T

VieI) : by, | LF=E[Y;, | LF, j€TI?, (observed control)
. 0 i,79 0 .
Vig¢TI @ bis| LF = Z By bju | LF, Ip. (synthetic control)
JET?
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(ii) We have the following representations of the blip effect with 0 lag, for ¥d € [A]:

VjeI? :yjo(d) | LF = E[Yj

Vig T yo(d) | LF = Y B y0(d) | LF, TV (synthetic lag 0 blip)
jezd

LF, jeTI— it | LF, (“observed” lag 0 blip)

(iii) We have the following recursive representations of the blip effect ¥V t € [T — 1], d € [A]: 7

-1
VeIt yuld) | LF = ElYj et | LF, 1% - gttt | LF — ZWj,Z(Dj7t;+t—£) | LF,
=0
(“observed” lag t blip)
VigT! : (d) | LF= 3 By | LF, T4 (synthetic lag ¢ blip)

jET

Interpretation of identification result. (identification) states that our target causal parameter
of interest can be written as an additive function of b, r and v, 7-¢(d;) for t € [T] and d; €
[A]. Theorem 5 establishes that these various quantities are expressible as functions of observed
outcomes{Yj+};e(n],te[r)- We give an interpretation below.

Identifying baseline outcomes. Similar to the intuition for Theorem 2, for umits j € Z?,
(observed control) states that their baseline outcome b;; is simply their expected observed out-
come at time step ¢, i.e., Yj;. For units i ¢ Z?, (synthetic control) states that we can identify
b;+ by appropriately re-weighting the baseline outcomes b;; of the units j € 7? (identified via
(observed control)).

Identifying blip effects for lag 0. For any given d € [A]: For units j € %, (“observed” lag 0 blip)
states that their blip effect 7;0(d) is equal to their observed outcome Y}Jg;«, minus the baseline
outcome b - (identified via (synthetic control)). Recall ¢} is equal to the first time step that unit
4 is no longer in the control sequence. For units i ¢ Z¢, (synthetic lag 0 blip) states that we can
identify ~; 0(d) by appropriately re-weighting the blip effects ~;o(d) of units j € Z¢ (identified via
(“observed” lag 0 blip)).

Identifying blip effects for lag t with t € [T — 1]. Suppose by induction 7, ¢(d) is identified for
every lag ¢ < t, n € [N], d € [4], i.e., can be expressed in terms of observed outcomes. Then for
any given d € [A]: For units j € Z¢, (“observed” lag ¢ blip) states that their blip effect v, (d) is
equal to their their observed outcome at time step t; +t, }/}7t;f+t, minus the baseline outcome bj7tj*_+t
(identified via (synthetic control)) minus the sum of blip effects for smaller lags, ZE;(l) ’Yj7g(Dj’t;+t_g)
(identified via the inductive hypothesis). For units i ¢ Z¢, (synthetic lag ¢ blip) states that we can
identify ; +(d) by appropriately re-weighting the blip effects v, +(d) of units j € Z¢ (identified via
(“observed” lag t blip)).

"We implicitly assume we have access to outcomes till time step 27" — 1. which we assume to be true without loss
of generality. To see why consider ¢}, =T and t =T — 1.
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Non-Adaptive Period Adaptive Period

Latent
Factors

(LF)

Figure 3: DAG that is consistent with the exogeneity conditions implied by the definition of Z¢.
From time step 2, the action sequence (D, 2,..., Dy 1) can be adaptive, i.e., dependent on the
observed outcomes {Y,, + };c7) (depicted by the red arrows). Hence, there is no non-adaptive period
for these units.

5.2.3 Discussions: LTI Identification Strategy

Donor sample complexity. To estimate E[YTE?TT) | LF] for all units n € [N] and any action
sequence d’ € [A]T, the LTI identification strategy requires the existence of a sufficiently large
subset of donor units Z¢ for every d € [A] and Z? for ¢ € [T]. That is, the number of donor units
we require will need to scale at the order of A to ensure sufficient number of units for the donor
sets {Id}de[ 4] To ensure that we have sufficient number of donors units for Zp for ¢t € [T]. But
notice from the definition of Z) that for all t € [T — 1], ZP C Z9. Hence, we just require that Z is
sufficiently large. As a result the total donor sample complexity needs to scale at the order of A + 1.
Thus we see the the additional structure imposed by the time-invariant factor model introduced
in Assumption 14 leads to a decrease in sample complexity from A x T to A + 1, when compared
with the time-varying factor model factor model introduced in Assumption 4. The other major
assumption made is that the control sequence is also not time varying, see Assumption 15.

Donor exogeneity conditions. Further, for j € Z¢, we require that V 6* € [A]t,t € [T], IE[Y]-(’ft) |
LF, D;; |= E[Y}ﬁft) | LF]. That is, the actions picked for these donor units are only required to be

non-adaptive till time step ¢7. As a special case, if we restrict ourselves to units
7d . : d . —
I¢={j eI t; =1}, (26)

then we actually impose no exogeneity conditions. That is, for these donor units, their entire action
sequence can be adaptive. In contrast for the identification strategy in Section 4, we require that
the donor units in Z¢ are non-adaptive till time step ¢. See Figure 3 for a DAG that is consistent

with the exogeneity conditions implied by the definition of Z¢ in (10).
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5.3 SBE-PCR Estimator in LTI Setting

Now we detail the specific algorithm that yields the SBE-PCR estimator within the linear time-
invariant setting. Analogous to the LTV case, we consider additional covariates with the usual
factor decomposition (Assumption 7) and make an additional well supported assumption regarding

control factors for consistency.

Assumption 18. For any donor set, i.e., any d € [A] and n € I? there exist weights gi)”’Id such
that
Zd
Un, T = Z QSZ’ * Uk, T,

keZd\n

and for any t € [T, there exist weights (b"’Z? such that

n, 70
Un,T = E ¢k ! * Vg, T,

keTO\n
where vy, T = [ =1 ,ng] .

This assumption allows us to detail the algorithm for estimating weights using PCR. Specifically,
for each unit n € [N] and each donor set Z € {Z% 7%}, we estimate weights to express X,, as a
linear combination of the covariates from other donor units. Let X,, € RP be the observed covariate
vector for unit n, and let X7, € RP*(ZI=1) denote the matrix of covariates for the other units in
the donor set.

We perform PCR by computing the rank-k approximation of X7\,, where k = rank(E[X1,,]).

Denote the SVD as

-
Xpvw =Y oy,
1>1

where u; € R?, v; € RZI=1 and o7 are sorted in descending order. If n € Z,

k
(;AS"’I = (Z(l/aﬂvmi) X, € ]Rlzl*l,

=1
and if n ¢ Z,
k
gt = (Z(l/aﬂvm?) X, € R

=1
The distinction between ngS”’I and B”’I lies in whether the unit is part of the donor set (interpo-
lation) or not (extrapolation), which has implications for estimator variance.
Step 1: Estimate baseline outcomes.
For t € [T:

29



1. For j € 7}

2. For i ¢ T

Step 2: Estimate blip effects for lag 0.

For d € [A]:
1. For j € 7¢
~ A5 7d 7
Fiod) = > ot (Y%J; "bk¢z>'
keZd\j
2. Fori¢ 74

N 5, T%
Fiold) = > By 450(d).
JET4

Step 3: Recursively estimate blip effects for time t < T
For d € [A] and t € {1,...,T — 1}, recursively estimate as follows:

1. For j € 7¢
) t—1
~ VA 7 ~
Yji(d) = Z o (Yk,t;+t — bi,r 1 — Z Vk,z(Dk,t;+t—é)> :
keZd\j =0
2. For i ¢ 7¢

R 21T .
Fia(d) =Y B 454(d).
jezd

Step 4: Estimate target causal parameter. For n € [N], and d’ € [A]7, estimate the

causal parameter as follows:

T
~ JT ~
B9 | £F] = Y Anri(de) + burr. (27)
t=1
All the relevant weights in the above algorithm as computed via the previous PCR based

algorithm.
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5.4 SBE-PCR Consistency in LTI Setting
5.4.1 Additional Assumptions for Consistency

We now state the assumptions required for consistency of the SBE-PCR estimator under the LTI
latent factor model. These assumptions parallel those in the LTV setting, with simplifications
reflecting the time-invariant latent structure. We unify the donor set notation by writing Z € {Z¢ :

€ [A]} U{Z? : t € [T]}, and refer to the relevant donor set generically as Z. Assumptions 9 and 10

in Section 4.4 are maintained here.

Assumption 19 (Well-Balanced Singular Values). For each donor set I, the covariate matriz
X1 € RP¥IE satisfies:
|E[XZ|LF)|p > plZ|, and k' >c,

where £k is the condition number of E[Xz|LF], and ¢,¢ > 0 are constants.

Assumption 20 (Row-Space Inclusion). For any t € [T] we require existence of the weights
€O ¢ RP such that for any j € A

P
BVl CF,j € T = Y &™) El(Xp)ylLF . € ),
i=1
for any t >0 and j € % there exist £t € RP such that
2 (dt)
E[Yj 4+ 4 LF,j € T = Zgl E[(Xza)ij|LF,j € T,
and for any t > 0 and j € I¢ there exists oY) € RP such that
E jt*+t)|£}"jeld] Za E[(Xza)ij|LF,j € T9.

Assumption 20 is similar to Assumption 12, but using donor sets Z € {Z¢} U {Z}} relevant to
the LTT setting.

5.4.2 Consistency Results

We only present the main consistency theorem that allows T to grow; consistent results for fixed T’

that serve as preliminaries for proving this theorem are contained in Appendix D.4.

Assumption 21. Let the setup of Assumption 14 hold. We further assume the counterfactual
potential outcomes depends on the most recent constant q blips, namely, for all units n € [N]| we
have Y3 =0 for all i € [T — q — 1]. Notably, this implies that for any n € [N] and d* € [A]T we

have

T
[Y(d )\E}' Z wd[ —i-s?(f;)
{=T—q
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Theorem 6. Let Assumption 1 to 7, 9, 10, and 1/ to 21 hold. Consider the SBE-PCR estimator in
Section 5.8 modified to only estimate the baseline, terminal blip, and previous q blips, and suppose
k = maxze zay 70y rank(E[Xz]). Then we have for any n € [N], and df e [A]T:

(d") (d") k1 VTT 1 1
Y4 —E[y, LF] =0,V — kO A
[ TL,T ] [ TL,T | ] p ( Og(pTrI) <p1/4 + max { p3/2 ) m? \/}T) 9

where C = {|Z8, |27, (|Idt|)te[T_q7.__7T}, (|ID"vt?z+f|)nE[NLtE[L__7q]} with 77 = maxC and oz = minC.

&)

Theorem 6 concludes that upon modifying the SBE-PCR estimator to account for the system
only depending on a constant q lags we have a consistent estimator of the causal estimand. More
precisely, for fixed k, the estimation error decays as donor set cardinalities and number of covariates
p grow, provided p = w(ﬂ%/ 3). The growing number of covariates can be justified by including time
varying covariates with T" — oco. Again, we have established pointwise consistency, i.e., there is no

average across units to establish the result. The theorem’s proof is included in Appendix D.5.

Remark. To gain some intuition about the difference in order between the minimum donor set
cardinality and the maximum donor set cardinality appearing in the error rate bound, observe
the following. Suppose the maximum 7 is attained at |Z%| while the minimum a7 is attained at
|Z?|. Since the donor sets are strictly nested, Z) C Z9 C --- C Z9, their cardinalities are strictly
increasing in t. It follows that the ratio between the maximum and minimum cardinalities grows
by at least a multiplicative factor of order T'. Even if the extremal values are not realized at the
time dependent donor sets, the strict nesting still guarantees a gap of order at least T' between the

minimum and maximum donor set cardinalities.

6 Application: Export Financial Support

The goal of this section is to showcase the usefulness of our approach in understanding individual
dynamic treatment effects and developing optimal allocation rules in a real-world application where
panel data are available. We first introduce the backgrounds on financial credit support for exporting
firms and data (Sections 6.1 and 6.2) and report the synthetic blip estimates of support impacts
(Section 6.3). We then investigate the extent of possible improvement of support allocation for
each firm (Section 6.4.1) and develop an optimal allocation of support based on firm characteristics
(Section 6.4.2).

6.1 Backgrounds

Exporting is inherently risky, requiring firms to secure upfront working capital, offer extended
payment terms, and protect themselves against non-payment or foreign market shocks. When
trade finance dried up during the Great Recession, the resulting contraction disproportionately

hit firms reliant on weak banks or operating in finance-dependent sectors (Amiti and Weinstein,
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2011; Chor and Manova, 2012; Paravisini et al., 2015). These vulnerabilities matter particularly
in economies that rely heavily on international trade. The Korean economy is a great example
of this, as exports accounted for 45-58% of Gross Domestic Product (GDP) between 2006 and
2015, making the economy highly sensitive to fluctuations in global trade and financial conditions.
This dependence heightens exposure to geopolitical frictions, as Korea sits between China and the
United States, where tariff disputes, supply-chain tensions, and restrictions on key sectors regularly
generate uncertainty. In this environment, export credit agencies (ECAs) play a critical role by
using public funds to provide insurance and loans that enable firms to sustain and expand their
export activities.

Korea has two independent ECAs: the Korea Trade Insurance Corporation (K-SURE), which
specializes in export insurance, and the Export-Import Bank of Korea (EXIM), which provides
export loans. Firms seeking support apply through the relevant agency: K-SURE assesses the
creditworthiness of exporters and their foreign buyers, while EXIM evaluates financial stability and
contract documents. In practice, these agencies evaluate applications and select firms to support
based on firm characteristics—an approach that connects to our later analyses of heterogeneity and
optimal treatment allocation. Also, the agencies’ selections are independent of one another, leaving
room for potential improvements through communication and collaboration.

Using Korean firm-level data described below, we empirically examine how export credit support
shapes firm performance and how its allocation can be improved. Estimating treatment effects
is a necessary first step, but the policy challenge goes further: agencies must decide which firms
to support, through which instruments, and at what point in time. By comparing observed
allocation patterns with the counterfactual benchmark predicted by our model, we demonstrate
how more efficient targeting could deliver greater export growth with the same or fewer government
resources. We further extend the optimal allocation analysis by allowing the rule to depend on firm
characteristics. This motivation stems from heterogeneity in impacts across firm size, productivity,
and financial constraints. Such a framework is particularly useful for making allocation decisions

about newly entering firms and closely mirrors the agencies’ own selection processes.

6.2 Data and Variables

Our empirical analysis relies on a novel Korean firm-level panel dataset for 2006-2015 that links
three sources of firm-level data: (i) the Survey of Business Activities (SBA) from Statistics Korea,®
which provides detailed firm characteristics; (ii) export insurance data from the K-SURE; and
(iii) export loan data from the EXIM. Combining these sources allows us to track which firms
received support, the form and timing of support, and their subsequent performances. We define
the treatment group as firms that did not receive support in the first five years (2006-2010) but
received at least one form of support in the later period (2011-2015). The control group consists of

firms that were never supported during the sample period. Out of 2,052 unique firms, 167 received

8This annual survey provides detailed information on inputs, outputs, and trade activities of all firms with at least
50 employees and annual sales exceeding 300 million KRW (around 215K USD).
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support at least once in the later period.

The outcome of interest is the export value of firm n in year t, Y, ;. The vector of firm-level
covariates, X, ;, consists of eleven time-varying and two time-invariant variables. The time-varying
covariates include exports relative to sales (export share), sales, number of workers, tangible capital
stock, value-added, total factor productivity (TFP), total wage bill, R&D expenditure, debt-to-
asset ratio, current assets over current liabilities (liquidity ratio), and a dummy for foreign direct
investment (FDI).” The time-invariant firm covariates include an indicator for parent-company
affiliation and the firm’s age. At the industry level, we control for Z,,, a vector of two indicators for
whether industry m has an above average capital intensity and above average wage per worker.”

In each year t € {Tp + 1,...,T}, firm n receives treatment D, € [A]p = {0,1,2,3}: D, =1
if firm n receives insurance, D,, = 2 if it receives loans, D,, = 3 if it receives both, and D,, = 0
indicates it receives none. In this application, t; = Ty = 5 for all n and 7" = 10 (i.e., no firm receives
treatment until period Tp) and we redefine d* = (dry+1, ..., d¢) for notational simplicity. We assume
the LTV latent factor model (Section 4) and the number of lags to be ¢ = 1 in Assumption 13.
Using the SBE-PCR algorithm, we estimate E[Yé? | LF] for given d' € [A]} and for each firm n
and t > Tp+ g+ 1 =7 (i.e., the last four periods) in the data. These quantities are the crucial
ingredient for all the analyses below: they are used to calculate average counterfactual outcomes

and average treatment effects and to conduct policy learning.

6.3 Dynamic Effects of Financial Support

To understand time-varying effects of the financial support, we report the trajectories of various
average counterfactual outcomes and average dynamic treatment effects. First, we estimate the
average treatment effects of financial support relative to no intervention, where the average is taken
across firms. Each support sequence is defined as d’ = (d,d,d,d,d) for d =1 or 2 (again, 1 being
insurance support and 2 being loans support). Figure 4 shows distinct patterns between the two
treatments over post-treatment periods. Insurance has little effect initially but generates sizable gains
from the third year onward, consistent with insurance stabilizing performance and supporting longer-
run growth. Evidence on export credit insurance similarly shows that risk-mitigation instruments
help sustain trade by reducing uncertainty rather than generating immediate effects (Niepmann
and Schmidt-Eisenlohr, 2017). Loans show a negative effect in the first year, followed by positive
effects that bring cumulative gains close to insurance. A natural interpretation is that early loan
use covers input costs before output materializes, depressing short-run outcomes but enabling later
expansion. This dynamic is consistent with the working-capital channel, where financing upfront
input costs can depress short-run outcomes before revenues are realized (Schmidt-Eisenlohr, 2013;

Antras and Foley, 2015; Paravisini et al., 2015). The cumulative average treatment effect—i.e., the

9TFP is measured as value-added divided by K 1/312/3 where K denotes tangible capital stock and L the number
of workers. Sales, tangible capital stock, value-added, total wage bill, and R&D expenditure are expressed in natural
logarithms, with the underlying unit being million KRW (around 720 USD).

0Capital intensity is defined as tangible capital stock per worker, and wage per worker is measured as the total
wage bill divided by the number of workers.
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Figure 4: Dynamic Treatment Effects on Export Values

Notes: The figure depicts the trajectory of average treatment effects across firms measured in export value,
with units in billions of KRW (around 720K USD). The cumulative average treatment effect amounts to 78.2
for insurance and 65.6 for loans.

sum of effects across four years—amounts to 78.2 billion KRW for insurance and 65.6 billion KRW
for loans.

We next turn to a sequence-specific analysis. We attempt to understand how timing (but not
the total amount of support) affects the trajectory of outcomes by considering the following: (i) a
front-loading treatment d’ = (d, d, d,0,0) for either d = 1 or 2, which concentrates support at the
start; (ii) an even-loading treatment (d,0,d, 0, d), which spreads it evenly; and (iii) a back-loading
treatment (0,0, d, d, d), which defers it to the end.!! Figure 5 reports average potential outcomes
under these strategies, with panel (a) presenting insurance and panel (b) loans. For insurance, the
cumulative average potential export value is 123.36 for front, 173.09 for even, and 225.21 for back
insurance, all in billion KRW. For loans, the corresponding values are 158.06 for front, 123.73 for
even, and 199.13 for back support. For insurance, back-loading produces the largest cumulative
gains, while even-loading underperforms, suggesting that distributing support thinly is less effective
than concentrating it. For loans, back-loading again dominates, with even-loading weaker than
front-loading, consistent with credit being most valuable when timed around production peaks.
Overall, the results indicate that not only timing but also spacing matters: smoothing interventions
across periods is generally less effective than concentrating them, though the optimal pattern varies

by treatment types.

6.4 Optimal Allocations of Financial Support

In providing financial support, each ECA has its own rules for selecting export firms. It would be

interesting to investigate (i) whether better (statistical) selection rules could have been used for each

"The analysis with d© = (d,d,0,0,0), (0,d,0,d,0), and (0,0,0,d,d) produces a similar result, especially for
insurance as support.
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Figure 5: Potential Export Values Under Front-, Even- and Back-Loading Treatment Schedules

Notes: The figure depicts the trajectory of counterfactual export values under front-, even- and back-loading
hypothetical treatment schedules. The outcome is export value, with units in billions of KRW (around
720K USD). The cumulative average potential export value amounts to 123.36 for front-loading, 173.09 for
evenly-loading, and 225.21 for back-loading insurance. For loans, the corresponding values are 158.06 for
front-loading, 123.73 for evenly-loading, and 199.13 for back-loading support.

support program compared to the observed selections, (ii) whether collaboration among agencies in
the selection process would have led to gains, and (iii) what selection rule could be implemented for
new firms. Questions (i) and (ii) relate to retrospective policy learning, while (iii) corresponds to

prospective policy learning.

6.4.1 Retrospective Policy Learning

For each firm n in the data, we consider the optimal treatment schedule d’*(n) € D that maximizes

the aggregate outcome:
T

d™(n) € argmax Z E [Y,Eit) | ﬁ]—"} , (28)
d*€D  4=Ty+q+1

where E [Yn(it) | E]:} is estimated using the SBE-PCR algorithm. Here the set of possible schedules
D can be restricted for institutional reasons or due to budget constraints. The example of the latter
would be D = {d" : ZtT:T0+q+1pdt -dy < B} where pyg, is the price of treatment d; and B is the
budget. The example of the former is the independent selection process of each ECA, in which case
K-SURE is equipped with D = {d” : d; € {0,1}} and EXIM is equipped with D = {d’ : d; € {0,2}};
this example is investigated below.

Using this policy learning framework, we calculate the best counterfactual allocation subject to
the budget not exceeding the observed one. Figure 6 reports the average counterfactual trajectories
across firms under the observed and optimal treatment schedules. Relative to the observed allocations,
the optimal (cost-constrained) paths yield systematically higher outcomes in every post-intervention

period. Across the four post-intervention periods, the optimal allocation raises average outcomes by
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Figure 6: Potential Export Values Under Optimal vs. Observed Treatment Schedules

Notes: The figure depicts the trajectory of counterfactual export values under optimal versus observed
treatment schedules, with units in billions of KRW (around 720K USD). The cumulative average outcome
amounts to 125.8 under the observed treatment schedules, compared with 177.3 under the optimal schedules.

roughly 25-40%. Moreover, these gains are achieved with lower resource use. The total cost of the
optimal allocation is 354 supports, compared with 365 under the observed allocation.'? Overall, the
findings indicate that the current allocation rules employed by the ECAs have substantial scope for
improvement in terms of sequencing and timing of support. Our framework shows that policymakers
can achieve better outcomes with fewer resources, offering a constructive path to more effective
programs.

We next examine outcomes when insurance and loan are allocated independently, with the
agencies acting separately, versus jointly, where decisions are coordinated as if by a single agency.
As illustrated in Figure 7, average potential outcomes are higher under joint allocation in every
period. Independent allocation uses 11,914 supports, while joint allocation requires 13,932. Despite
the higher cost, efficiency is greater under joint allocation, with gains per unit cost rising from 88.6
to 124.6. These results indicate that coordination among agencies reduces misallocation across

treatments and leverages complementarities, allowing resources to generate higher returns per cost.

6.4.2 Prospective Policy Learning

Policymakers may want to estimate optimal allocation rules for new firms that are not observed
in the data. To that end, we consider allocating support based on firms’ observed covariates.
Specifically, we consider an allocation rule 67 : X — [A]T where X is the support of pre-treatment

covariate vector X,, and

T -
67" € argmax Z E [Yéit(X"))} ) (29)
§T€D  (=Ty+q+1

120ne support is counted as one unit (e.g., the cost of giving insurance or a loan is one, and giving both is two).

37



Joint Decisions
=&~ Independent Decisions

N
o
=)

N
=3
=]

Average Potential outcome
- -
o wu
S =}

50

1 2 3 4
Post-treatment period

Figure 7: Potential Export Values Under Treatment Schedules Jointly vs. Independently Optimized

Notes: The figure depicts the trajectory of counterfactual export values under treatment schedules jointly
versus independently optimized by the agencies, with units in billions of KRW (around 720K USD). The
cumulative average outcome amounts to 846.15 under joint optimization and 514.34 under independent
optimization, a difference of 331.8.

where D is the (possibly restricted) class of allocation rules. Note that

E Y] =B |10 = a1 | = E | YU (X)) = dVE [V X

dt dt

Under Assumption 7 (that X,  has the latent factor structure),
E [E [Yn(j‘f) yﬁf} an} —E [Y,ﬁj‘f) \Xn] :

and thus,

B[y =B | Y15 (x,) = e v | o7
at

Therefore, 67* is identified as we identify E[erit) | LF] for all n,t and d* from Theorem 2 or 5. This
argument is also useful in estimating 67* as we can take E[Y,Eit) | LF] as a pseudo-outcome variable
for a prediction problem with predictors X,, and for subsequent policy learning.

Based on this framework, we implement a tree-based policy learning algorithm that yields
interpretable decision rules. Based on fourteen firm characteristics,' the algorithm selects the most
predictive variables and thresholds, partitioning firms into subgroups with distinct optimal treatment
sequences. Each leaf in a decision tree corresponds to one recommended sequence, providing a
transparent mapping from firm characteristics to intervention timing. Since considering all possible
allocation rules in D is computationally and practically infeasible, we restrict D in the analysis.

First, we consider D to be the set of early treatment (d1,d2,0,0,0) and late treatment

13Pre-treatment averages of export share, sales, employment, tangible capital, value added, TFP, total wage bill, RD
expenditure, debt-to-asset ratio, liquidity ratio, and an indicator for FDI status, as well as parent-company affiliation,
firm age, and industry dummies for above-average capital intensity and wage per worker.
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Figure 8: Decision Tree with Early and Late Treatment Options

Notes: In the optimal treatment sequences, d; = 1 indicates insurance and 2 indicates loans support.

(0,0,0,dy,ds) for d, € {1,2}, yielding eight possible allocation rules in total. Figure 8 shows
the optimal policy tree. We restrict attention to insurance or loan only, reflecting computational
tractability and the budget constraints of policymakers, for whom providing multiple supports
simultaneously is costly. The optimal decision tree suggests that firms with smaller wage bills are
assigned to late support. Within this group, the number of workers determines the sequencing
of instruments. Fewer workers lead to insurance then loan, while more workers lead to loan then
insurance, reflecting payroll-driven liquidity needs. Among firms with larger wage bills, capital stock
is decisive. Those with relatively low tangible assets are directed to early support, while those with
stronger asset positions can defer to late support. It means firms with high labor costs but little
collateralizable capital cannot easily finance wages internally and thus require earlier intervention.

Next, we consider allocation rules that not only concern timing but also spacing over time. In
particular, we restrict D to be the set of front-loaded (d1,ds,ds,0,0), evenly-spaced (dy,0,ds,0,ds),
and back-loaded (0,0, ds, d4, ds) treatments for d; € {1, 2}, yielding twenty-four sequences in total. :
high wages lead to front-loading with more loans, while lower wages lead to back-loading. Firms
with moderate debt (around 0.55-0.61) are also routed to back-loading, consistent with temporary
liquidity management. Interestingly, some low-debt firms are also assigned to front-loading, reflecting
the model’s prediction that these firms gain more from early expansionary financing than from

delayed support.

Remark. Note that, by equations (16) and (27), E [Yéf) | E}"} = (w(d"),Y,) for an appropri-
ate vector Y, of observed outcomes and a vector w(cZT) of parameters, which implies that our
objective function has the outcome-weighted form (Zhao et al., 2012): E[Z&TG[A]T 1{67(X,) =
d'} (w(d"),Y,)]. Therefore, analogous to Zhao et al. (2015) among others, we can show consistency
of and bounds on the excess risk of the estimated policy by (i) using the convex surrogate version
of the objective function and (ii) under the condition that &(d) converges to w(d) at a certain rate.

The condition (ii) can be guaranteed by our convergence rates in Theorem 4 or 6. We omit this
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Figure 9: Decision Tree with Front-, Even- and Back-Loading Treatment Options

Notes: In the optimal treatment sequences, d; = 1 indicates insurance and 2 indicates loans support.

analysis for succinctness.

7 Conclusion

In this work, we formulate a causal framework for dynamic treatment effects under unobserved
confounding using panel data. We propose a latent factor model, which admits linear time-varying
and time-invariant dynamical systems as special cases. Depending on the structure placed on this
factor model, we quantify the trade-off on the sample complexity and the level of adaptivity allowed in
the intervention policy, for estimating counterfactual mean outcomes. The estimated counterfactual
outcomes are useful in estimating the impact of particular treatment schedule relative to another,
as well as the optimal rules of allocating treatment schedules. We showcase this usefulness in the
context of government’s financial support. We hope this work spurs further research connecting the
growing fields of synthetic controls and panel data methods with dynamic treatment models studied
in econometrics, and potentially sequential learning methods such as reinforcement learning studied

in computer science.

40



References

Abadie, A., Diamond, A., and Hainmueller, J. (2010). Synthetic control methods for comparative
case studies: Estimating the effect of californiaas tobacco control program. Journal of the

American Statistical Association.

Abadie, A. and Gardeazabal, J. (2003). The economic costs of conflict: A case study of the basque

country. American Economic Review.

Agarwal, A., Dahleh, M., Shah, D., and Shen, D. (2021a). Causal matrix completion. arXiv preprint
arXiw:2109.15154.

Agarwal, A., Shah, D., and Shen, D. (2020a). On principal component regression in a high-

dimensional error-in-variables setting. arXiv preprint arXiv:2010.14449.

Agarwal, A., Shah, D., and Shen, D. (2020b). Synthetic interventions. arXiv preprint
arXiv:2006.07691.

Agarwal, A., Shah, D., Shen, D., and Song, D. (2021b). On robustness of principal component
regression. Journal of the American Statistical Association, 116(536):1731-1745.

Amiti, M. and Weinstein, D. E. (2011). Exports and financial shocks. The Quarterly Journal of
Economics, 126(4):1841-1877.

Amjad, M., Mishra, V., Shah, D., and Shen, D. (2019). mrsc: Multi-dimensional robust synthetic
control. Proceedings of the ACM on Measurement and Analysis of Computing Systems, 3(2).

Amjad, M. J.; Shah, D., and Shen, D. (2018). Robust synthetic control. Journal of Machine
Learning Research, 19:1-51.

Angrist, J. D. and Pischke, J.-S. (2009). Mostly Harmless Econometrics: An Empiricist’s Companion.

Princeton University Press.

Antras, P. and Foley, C. F. (2015). Poultry in motion: a study of international trade finance
practices. Journal of Political Economy, 123(4):853-901.

Arellano, M. and Honore, B. (2000). Panel data models: Some recent developments. Handbook of

Econometrics.

Arkhangelsky, D., Athey, S., Hirshberg, D. A., Imbens, G. W., and Wager, S. (2020). Synthetic

difference in differences.

Ashenfelter, O. C. and Card, D. (1984). Using the longitudinal structure of earnings to estimate

the effect of training programs.

41



Athey, S., Bayati, M., Doudchenko, N., Imbens, G., and Khosravi, K. (2021). Matrix comple-
tion methods for causal panel data models. Journal of the American Statistical Association,
116(536):1716-1730.

Bai, J. (2003). Inferential theory for factor models of large dimensions. Econometrica, 71(1):135-171.
Bai, J. (2009). Panel data models with interactive fixed effects. Econometrica, 77(4):1229-1279.
Bai, J. and Ng, S. (2020). Matrix completion, counterfactuals, and factor analysis of missing data.
Ben-Michael, E., Feller, A., and Rothstein, J. (2020). The augmented synthetic control method.

Ben-Michael, E., Feller, A., and Rothstein, J. (2022). Synthetic controls with staggered adoption.
Journal of the Royal Statistical Society Series B: Statistical Methodology, 84(2):351-381.

Bertrand, M., Duflo, E., and Mullainathan, S. (2004). How much should we trust differences-in-
differences estimates? The Quarterly journal of economics, 119(1):249-275.

Borusyak, K., Jaravel, X., and Spiess, J. (2024). Revisiting event-study designs: robust and efficient
estimation. Review of Economic Studies, 91(6):3253-3285.

Callaway, B. and Sant’Anna, P. H. (2021). Difference-in-differences with multiple time periods.
Journal of econometrics, 225(2):200-230.

Cattaneo, M. D., Feng, Y., Palomba, F., and Titiunik, R. (2025). Uncertainty quantification in
synthetic controls with staggered treatment adoption. Review of Economics and Statistics, pages
1-46.

Chamberlain, G. (1984). Panel data. In Grilichest, Z. and Intriligator, M. D., editors, Handbook of
Econometrics, volume 2, chapter 22, pages 1247-1318. Elsevier, 1 edition.

Chamberlain, G. (2022). Feedback in panel data models. Journal of Econometrics, 226(1):4-20.

Annals Issue in Honor of Gary Chamberlain.

Chan, M. K. and Kwok, S. (2020). The PCDID Approach: Difference-in-Differences when Trends
are Potentially Unparallel and Stochastic. Working Papers 2020-03, University of Sydney, School

of Economics.

Chernozhukov, V., Wuthrich, K., and Zhu, Y. (2020). Practical and robust ¢-test based inference

for synthetic control and related methods.

Chor, D. and Manova, K. (2012). Off the cliff and back? credit conditions and international trade

during the global financial crisis. Journal of International Economics, 87(1):117-133.

De Chaisemartin, C. and d’Haultfoeuille, X. (2024). Difference-in-differences estimators of intertem-

poral treatment effects. Review of Economics and Statistics, pages 1-45.

42



de Chaisemartin, C. and D’Haultfceuille, X. (2025). Treatment-effect estimation in complex designs

under a parallel-trends assumption. arXiv preprint arXiv:2508.07808.

De Chaisemartin, C. and d’Haultfoeuille, X. (2020). Two-way fixed effects estimators with heteroge-

neous treatment effects. American economic review, 110(9):2964-2996.

Doudchenko, N. and Imbens, G. (2016). Balancing, regression, difference-in-differences and synthetic
control methods: A synthesis. NBER Working Paper No. 22791.

Fernandez-Val, 1., Freeman, H., and Weidner, M. (2020). Low-rank approximations of nonseparable

panel models.

Geweke, J. (1976). The Dynamic Factor Analysis of Economic Time Series Models. Workshop

series / Social Systems Research Institute, University of Wisconsin. University of Wisconsin.

Han, S. (2021). Identification in nonparametric models for dynamic treatment effects. Journal of
Econometrics, 225(2):132-147.

Han, S. (2024). Optimal dynamic treatment regimes and partial welfare ordering. Journal of the
American Statistical Association, 119(547):2000-2010.

Hardt, M., Ma, T., and Recht, B. (2016). Gradient descent learns linear dynamical systems. arXiv
preprint arXiv:1609.05191.

Hernén, M. and Robins, J. (2020). Causal inference: What if. Boca Raton: Chapman & Hill/CRC.

Hsiao, C., Steve Ching, H., and Ki Wan, S. (2012). A panel data approach for program evaluation:
Measuring the benefits of political and economic integration of hong kong with mainland china.
Journal of Applied Econometrics, 27(5):705-740.

Hsu, Y.-C. and Shen, S. (2024). Dynamic regression discontinuity under treatment effect hetero-
geneity. Quantitative Economics, 15(4):1035-1064.

Imbens, G., Kallus, N., and Mao, X. (2021). Controlling for unmeasured confounding in panel data
using minimal bridge functions: From two-way fixed effects to factor models. arXiv preprint
arXiv:2108.03849.

Kalman, R. E. (1960). A New Approach to Linear Filtering and Prediction Problems. Journal of
Basic Engineering, 82(1):35-45.

Lewis, G. and Syrgkanis, V. (2020). Double/debiased machine learning for dynamic treatment
effects via g-estimation. arXiv preprint arXiv:2002.07285.

Li, K. T. (2018). Inference for factor model based average treatment effects. Available at SSRN
3112775.

43



Li, K. T. and Bell, D. R. (2017). Estimation of average treatment effects with panel data: Asymptotic
theory and implementation. Journal of Econometrics, 197(1):65 — 75.

Liang, K.-Y. and Zeger, S. L. (1986). Longitudinal data analysis using generalized linear models.
Biometrika, 73(1):13-22.

Ljung, L. (1999). System Identification: Theory for the User. Prentice Hall information and system

sciences series. Prentice Hall PTR.

Moon, H. R. and Weidner, M. (2015). Linear regression for panel with unknown number of factors
as interactive fixed effects. Econometrica, 83(4):1543-1579.

Moon, H. R. and Weidner, M. (2017). Dynamic linear panel regression models with interactive fixed
effects. Econometric Theory, 33(1):158-195.

Niepmann, F. and Schmidt-Eisenlohr, T. (2017). International trade, risk and the role of banks.
Journal of International Economics, 107:111-126.

Paravisini, D., Rappoport, V., Schnabl, P., and Wolfenzon, D. (2015). Dissecting the effect of credit
supply on trade: Evidence from matched credit-export data. The Review of Economic Studies,
82(1):333-359.

Pesaran, M. H. (2006). Estimation and inference in large heterogeneous panels with a multifactor
error structure. Econometrica, 74(4):967-1012.

Powell, D. (2022). Synthetic control estimation beyond comparative case studies: does the minimum

wage reduce employment? Journal of Business € Economic Statistics, 40(3):1302-1314.

Robins, J. M. (2004). Optimal Structural Nested Models for Optimal Sequential Decisions, pages
189-326. Springer New York, New York, NY.

Schmidt-Eisenlohr, T. (2013). Towards a theory of trade finance. Journal of International Economics,
91(1):96-112.

Shahn, Z., Dukes, O., Richardson, D., Tchetgen Tchetgen, E., and Robins, J. (2022). Structural

nested mean models under parallel trends assumptions. arXiv preprint arXiw:2204.10291.

Shaikh, A. M. and Toulis, P. (2021). Randomization tests in observational studies with staggered
adoption of treatment. Journal of the American Statistical Association, 116(536):1835-1848.

Sojitra, R. B. and Syrgkanis, V. (2024). Dynamic local average treatment effects. arXiv preprint
arXiw:2405.01463.

Stock, J. H. and Watson, M. W. (2011). Dynamic Factor Models. In The Oxzford Handbook of

Economic Forecasting. Oxford University Press.

44



Sun, L. and Abraham, S. (2021). Estimating dynamic treatment effects in event studies with

heterogeneous treatment effects. Journal of Econometrics, 225(2):175-199.

Vansteelandt, S. and Joffe, M. (2014). Structural Nested Models and G-estimation: The Partially
Realized Promise. Statistical Science, 29(4):707 — 731.

Vershynin, R. (2018). High-dimensional probability: An introduction with applications in data

science, volume 47. Cambridge University Press.

Xu, Y. (2017). Generalized synthetic control method: Causal inference with interactive fixed effects
models. Political Analysis, 25(1):57-76.

Zhao, Y., Zeng, D., Rush, A. J., and Kosorok, M. R. (2012). Estimating individualized treatment rules
using outcome weighted learning. Journal of the American Statistical Association, 107(499):1106—
1118.

Zhao, Y .-Q., Zeng, D., Laber, E. B., Song, R., Yuan, M., and Kosorok, M. R. (2015). Doubly robust

learning for estimating individualized treatment with censored data. Biometrika, 102(1):151-168.

45



A Connection to SNMM and MSM: Proof of Proposition 2

Verifying Assumption 4 holds. In what follows, all the conditional expectations are also
conditioned on the latent factors £LF. However, for shorthand notation, we omit that conditioning.
Note that:

B[ -3 = S [ -yl 0
We now prove that:

n,t

Que =B [V =y O] = (6t wge — we )
We establish this via a nested mean argument. Note

Que= B [E 10 -y @0 | 1)

n

7 7
=B [E [y - e 89, DL = ] (31)
where in (31), we have used (11). Now as our inductive step, suppose that we have shown:

Qui=E[E[E[Y" -y 5171 Dy = 1] .| 80, D} = ]

Then,
Qui=E[E[..E[E [Y,,fi Oyl ge pa — || 547, Dy = 1] .| 89, D) = ]
—E [E [ .E [IE [Ynj‘f’ O _y @ | g patt — Jq+1] | 591, DI — Jq} .| 8%, Dl = d1” ,
(32)
where in (32), we have again used (11). This concludes the inductive proof. Thus, we have
N G e ST T P
- [E [ - mpe(d)) SQ,D; - dlﬂ = <¢#,wd4 - w04> (33)

where in (33), we have used (12) and the fact that <1/1f{£, Wge — w0e> is independent of S and D5 L.
Re-arranging (30) and (33), we have:

E[v ] =E[v] + ZW (34)

Combining (34) and (13) implies Assumption 4 holds.
Verifying Assumption 6 holds. Assumption 6 is immediately implied by (12) and a simple
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application of the tower law of expectations. In particular, we integrate gmt—l out of both sides of
(12).

B Proof of Theorem 1

By Assumption 2,

B[\ | £F] =B [(unr, war) +5) | £F

= E [(vn1, wgr) | LF]

<Un,T, wJT> ‘ LF (35)
(

= (vn.1, wyr) | LF, T, (36)

where (35) and (36) follow since vy, 7, wgr are deterministic conditional on the latent factors.

Then by Assumption 3,

JjT dJT JT
(On, war) | LF, I = 37 B0 (vir, war) | LF, T
jezdT

.
Then by appealing to the conditional mean exogeneity of 5§-:iT) in Definition 2, we have

IdJT JT
Z ,6;1’ <Uj,T7 ’LUJT) | E.F,Id
jezdr

7T 7T
= 3 BT (s war) [ LRI+ Y 877 B | £F, T
jEZ‘TT jGIJT
n,Z‘iT dr i
= > RS | cF I, (37)
jezdl
nIgT dar
= > BT Elr | LF, IV, (38)

jezdT

where (37) follows from Assumption 2; (38) follows from Assumption 1 and Definition 2.

This completes the proof.
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C Proofs and Remarks for Time-Varying Linear Dynamical System

C.1 Proof of Proposition 1

Recall 2, is the latent state of unit n if it undergoes action sequence d’. By a simple recursion we

have
t—1 t
nt _Z< H Bnk> n,fl wdg"‘Cn,t wdt‘l—Z( H Bn,k) Nn,e + Mt
=1 \k=(+1 =1 \k=(+1
Hence,
at

v,

t—1 t t—1 t i
- <0n,t7 Z < H Bn,k) Cn,é wq, + Cn,t wq, + Z < H Bn,k) Tine + 77n,t> + <9n,tawdt> + ﬁn,t

=1 \k=/(+1 =1 \k=(+1

I
]~

(< bt wd/_;> +6n,t,e),

where in the last line we use the definitions of 1/15{6 and €, in the proposition statement. This

~
Il

1

completes the proof.

C.2 Proof of Theorem 2

For simplicity, we omit the conditioning on LF in all derivations; all expectations are conditioned
on LF.

1. Verifying (identification). First, we verify (identification) holds, which allows us to express
the counterfactual outcomes, in terms of the blips and the baseline. For all n € [N], using Assumption

4 we have:

EY %) | cF =EY S - YO | L+ EYS) | £F)

~

Z< g’t7w0t> +5£S;) ‘ LF

n,T
T r .
0
Z b wg, — wo, ) + 5;,T) — 627T) | LF| +E
P t=1

Il
M’ﬂ

’YmT,t(dt) ’ £.7:+ me | LF

t=1

2. Verifying (observed control) & (synthetic control):
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We first show (observed control) holds. For j € Z9:

T T _
bir | £F = (6l wo, ) | £F =B | > (] o) + 25 | £F (39)
t=1 t=1
T
B> (v >+5JT | LF, 10] (40)
t=1
_E [ij(f) | LF,j € I{}} (41)
=E[Y;r|LF,jeT?], (42)

where (39) and (41) follow from Assumption 4; (40) follows from the fact that <¢-T’t w0t> is

deterministic conditional on £F, and that E[eglj; ) | LF, 10 = Ele; (0 | LF] as seen in the definition
of Z9; (42) follows from Assumption 1.
Next we show (synthetic control) holds. For i ¢ Z%:

T
bir | szz< P wo, ) | LF

T

:Z< ies >\£}'IO (43)
T

=35 8 (0w, ) | LF, T (44)
t=1 je1f

=Y 30 | LF,T)
JETY

where (43) follows from the fact that <1/1Tt w0t> is deterministic conditional on LF; (44) follows
from Assumption 5;
3. Verifying (“observed” blip at time T") & (synthetic blip at time 7'):
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We first show (“observed” blip at time 7T') holds. For all d € [A] and j € Z¢:

virr(d) | LF = <¢TT,wd—on> | LF

~E <¢]T,T wa—wo, )+ D TZ ()" w0,) | E}"] (45)
T—1 T

=E <,¢JT7T wd> + 5]0; 1.d) + <¢th’w0t> | Ef] — Z <¢f’t’w0t> | LF (46)
t=1 t=1
T—-1

0 T-14d , .
—E < Jwa) + e} )+t:1<1[)]rt,th>|£]:,]€I§l~ bz | LF
—EY.2) | LF, jeTE ~bjr | LF (47)
=E[ ]Tlﬁ}" JETH —bjr | LF (48)

where (45), (46) follow from Assumption 4; (47) follows from the definition of Z¢ and Assumption
4; (48) follows from Assumption 1.
Next we show (synthetic blip at time 7') holds. For i ¢ Z¢

Yirr(d) | LF = <w”,wd—on> | £F = (0" wa — wo, ) | LF. T4 (49)
=y gt (] wa = wo, ) | LF, T4 (50)
JETL
= ZB’T%TT ) | LF,If
JETL

where (49) follows from the fact that <¢ZT T g — w0T> is deterministic conditional on LF; (50)
follows from Assumption 5.

4. Verifying (“observed” blip at time ¢) & (synthetic blip at time ¢):

We first show (“observed” blip at time ¢) holds. For all d € [A], t < T, j € T¢:

DT 0
B[y - 1 e7 e m] =B |V v cF ezt (51)
DT pt—
~E {Yj(,TJ v eF e 14 (52)
T (DZ-,Q“I) (De 1 05 d
:ZE[Yj,TJ v |£f;ez} (53)
{=t

where (51) follows from Assumption 1; (52) uses that for j € Z¢, D! = (0y,...,0;_1,d;), and
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Assumption 1. Then,

=t
[/ (Do) DYy
-V E <q,z)j’ Jwp,, —wol> tef  —e | LF,j €T (54)
=t
Tt (Dt,0t+1) (D571 0% . d d T4 . d
:]E|:<wj77wD]’,t_w0t>+8j,T] _Ej,TJ |[’f7]61-t:|+ Z ]E|:<¢j’7ij,z_wOe>|‘CF7j€Iti|
=111
Tt (Dho+Y) (D10 - - T . rd
—E [@j, ,wd—wot> tep e U ILF eIt] + Y E [<¢}j’ Jwp,, —w02> | LF,j eIt]
t=t+1
(55)
T
= <¢]T7tawd - w0t> | ["7:+ Z E [<¢?’£77~UD]~,4 - wa> | EJ:?] S I;l:|
{=t+1
D1§708+1 Dl{ilygé .
+E |:€§TJ ) E e Ig]
T
_ Tt T . d
= (¢; " wa —wo, ) | LF + Z E |[(¢;" wp,, —wo, ) | LF,j €L}
t=t+1
A4 Se— 4 _ —
+E[E [0 -0 D= (8, L7 j e 7
T
= <¢?’t,’u}d — w0t> ‘ LF + Z <1/JJT’£,U}D].’[ - w02> ’ LF,j€ Itd (56)
=11
T
=206(d) | LF+ ) vire(Dje) | LF (57)
=11

where (54) follows from Assumption 4; (55) follows from the definition of Z¢, i.e., for j € Z¢,
Dt = (0',d) and that ¥ 6 € [A],¢ € [T], E[Y), | LF, D! = E[\’)., | LF]; (56) follows from
Assumption 6, where we require the last term on the Lh.s. of the equality to be zero only for j € Z¢.

Re-arranging (57) we have that,
i _ T
Yirdd) | LF =B [V =Y\ | £F,j € T = 37 vme(Djo) | LF
) L=t+1

_ _ T
—E Y| LF e 7| —E Y01 £F] = 3 vne D) | £F - (58)
) l=t+1

_ T
=BV | LF.j € T{] —bjr | LF = > v0(Ds0) | LF (59)
i f=t+1

where (58) follows from the definition of Z¢; (59) follows from Assumption 4.
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Next we show (synthetic blip at time ¢) holds. For all d € [A], t < T, i ¢ T

Yira(d) | £F = (] wg = wo, ) | LF (60)
= (¢]" wa—wo, ) | LF, T} (61)
’i, d
=3 g <¢f’t,wd - w0t> | LF, ¢ (62)
jET?
i d
= 5]:@ ~Niri(d) | LF,I¢
JET?

where (61) follows from the the fact that <¢Z-T’t, wq — w0t> is deterministic conditional on LF; (62)

follows from Assumption 5;
C.3 General Remarks on LTV Setting

C.3.1 Covariate Design

We point out that Assumption 7 in its base form does not allow for time-varying covariates.
Specifically, it assumes access to p covariates for each unit, each with respect to their unit factor at
the terminal time, i.e., v, 7. Furthermore, as seen in Theorem 3 we require p — oo and fixed T for
consistency which seems highly unlikely in practice.

However, notice in Theorem 4 we are able to send T — oo as well. As such, inclusion of time
varying covariates allow for p — oo be justified. To that end, here would be a general construction

of such covariates.

Assumption 22. For each unit n € [N], we have covariates X, = (X,Il,XTIQ, LX) T eRT

Specifically, for any t € [T] we have X, € RP where

Xnvtvk = <Un:t7 p§€> + En,t,k

for any k € [p| where vy is the unit latent factor defined in Assumptions 2 and ey, is mean-
zero noise. Specifically, we collect p features at each time step t € [T]. Denote X € RPTXN —
[X1,...,XnN].

Notice that with the added flexibility in the above formulation we can use observed values as

covariates as well.

C.3.2 Row-Space Inclusion

Here is a sufficient condition on which we have row-space inclusion.

Lemma 1. Let the setup of Assumption 12 hold and denote
d d
Voo = ([vj7)jeze) " € REMT and b= ([(vjr wepr))ljezs) " € RIZ.
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If span({pi }icip) N1y € R™T Vzgy = b} is non-empty, then Assumption 12 holds for p; as defined

in Assumption 7.

Proof. We require weights £§d’t) such that following holds for any j € Z¢
P
jrlLF) = Y6 Bl(Xgg)i|LF)
=1

Note that E[Y;r|LF] = <Uj7T,w(DJT)> for any j € Z¢. Furthermore, E[(XItd)ij\Ef] = (v, pi)
under the formulation presented in Assumption 7. As such, if we define B;; = (v; 1, p;) for all i € Z¢
and j € [p] then our problem is equivalent to there being a solution & (@) ¢ RP to the linear system
Beldt) = b, To conclude notice that B = Vzalpy, .- - ppl. O

In general, the point is if the covariates defined by {pi}ie[p] are sufficiently expressive then
row-space inclusion holds. Specifically, we seek to maximize the dimension of their span, as would
occur if they were linearly independent. The next result is a consequence of Assumption 12 and will

be essential in establishing consistency.

Lemma 2. Let Assumption 12 hold. Then for any d € [A] and t € [T] there exists o) € RP such

that
p

_ (dyt)
W(0y,...,0¢0—1,d,0441,...,07) = Z o i
i=1
That is w(o, ... 0,_1,d,0s11,..00) € SPA{Pi}icpp])-
Proof. By Assumption 12, for any unit j € Z¢ and any collection of treatment sequences (Djit+15---5Djr) jezds
there exists a solution to the following system:
T
Vz';i [p17 o 7pp]§ = [<”Uj7T, w(ol,...,Otfl,d,Dj’H_1,...,Dj’T)>]j€Izi'
As such, there exists a solution for the following set of sequences (0¢41,...,07) jezd as well. In that
case the system can be written as
Vzalpis -5 pplé = Vzaw(oy,...0, 1,d.0i41,..07)>
which we know to have a solution £. This implies [p1, ..., pp]€ — W(o,....0,_1,d,0011,....00) € ker(VIg).

By assumption we know rank(VItd) = mT or equivalently the matrix has full column rank. See
the discussion under Assumption 3 in Section 3 justifying such an assumption for settings when Z¢
is sufficiently large. This implies that ker(VIg) = {0}, by Rank-Nullity Theorem.

Combining the above results we know [p1, ..., pp] — W(o,,....0,_1.d,0s41,..,0r) = 0- Since, this is

true for any d € [A] and ¢ € [T] we have the desired result upon rearranging. O
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Lemma 3. Let Assumption 12 hold. Then for all d € [A] and t € [T there exist f,fd’t)l € R? such

that

JE— P
D. _,U0 ’
E[Y 77 LF) = 3 e B (X g0 £ F),

=1

where Dj _yU0p = (01,...,0i—1,d, Djt41,--.,Dje—1,00,Djo41,...,Djr) for any £ > t.

Proof. This holds as an immediate consequence of Assumption 12 where we consider D;, = 0
instead. O
C.3.3 Linear Factor Model Assumption

Assumption 13 is not restrictive. Recalling the Linear Dynamical System setting from Proposition

1, we present a few sufficient conditions for the above to hold true.

1. Hard Memory Cutoff

T
dgeN, vT, ][] Bn;=0. (63)
j=T—q

2. Exponential Forgetting (Spectral Decay Condition)
3C > 0,p € (0,1), such that for all T, ¢, HBW» <Cpr. (64)
j=t )
3. Soft Memory Cutoff (Higher-Order Markov Property)

]P)(Zn,T | Zn,T—152n,T—25-- azn,()) = P(zn,T ’ Zn,T—1y- -, Zn,T—q)- (65)

Clearly, the first condition is the strongest and implies the other two. In general, this shows that
our assumption of fixed memory is a reasonable one proving the effectiveness of our methodology

within the dynamic treatment regime from a statistical perspective.

C.4 Proof of Theorem 3

1. Verifying Baseline Consistency: We first check the units not in control the entire time.

Donor Set Baseline Consistency: Consider unit n € Z%. Denote Xrovn = X, 10\ € RPXIZ7\nl,

We know the baseline outcome admits the representation
BW»T —bn,r ‘ LF = <¢En7z%7YI%\n> - <¢n7z%ﬂE[YI%\n ‘ [’]:]> )
where &”’I% are the regression coefficients from regressing additional covariates X,, € R? on the rank

kzo\n-approximation Xzo\, with kzo\, = rank(E[XI%\n}), L.e., doing PCR with parameter kzo\,,.
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Lemma 4. We claim the following

(6" El¥zg\al) = (6" ElVgg\,])

|I%\n‘ XkJIo

where g%nlo = VTQZ)” T where V € R \" denotes the right singular vectors of E[XI%\n]

and kzo\, = rank(E [ng\n]); i.e,

kIg,\n

E[XI%\n] = Z ouw, =USVT,
=1

where ug € RP and vy € RIT7\n!

Proof. By Assumption 12 there exists £(07) such that for any j € ZCOF \n

P
E[Y;z|LF,j € T9\n] = > & E[(Xg0,,)iLF, 5 € T9 \ nl.
=1

As such, the row-space of E[Yzg \n]T € RY™Zr\1l g included in row space of E[Xzo\n] €
RP*IZ7\nl 14 This yields
E[Yzo\n) = VVTE[Y0\,),

which gives us
n,T9 n, 79 n n
<¢ 7IT’IE[YVI%\n]> = <VVT¢ 7ITvIED/I%\TL]> [YZO\n] VVT o™ Tr <¢ = E[YIO\n]>
proving the desired result. O

Using Lemma 4, we can now lift the proof technique in Agarwal et al. (2020b) Theorem 2
(Appendix C) to show consistency for n € I:(}

bor = bur | LF = <Q§H’I%7YI%\n> - <<5n’Z%aE[ng\n]>

3/ 1zl 1 1
=0 log(p|Z%]) | — + k? max , —, , (66)
P T 1/4 p3/2 \/]3 \I%\ 1
where we set T} = 1, #(6d) = gnIr | p(id) = gnTr Y, 7@ = Yz0\p E[Y, 7] = E[Y70,,, | LF], and

Pv,.. = VV 1. Furthermore, in the final rate we set Ty = p, Ng = |Z% \ n|, and rpe = kzo\n- To
conclude, we used that |Z% \ n| = |Z9| — 1 and kzo\n < k where k is the uniform upper bound on

the rank on all possible expected covariate matrices, i.e., k = maxge(aje[r] rank(E[XIg]).

"This is equivalent to the column space of the right singular vectors of IE[YI% \n]T being included in the column
space of V, or equivalently IE[YI%\H] € span({v1, ..., Uk \ 1.
9\n
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Non-Donor Set Baseline Consistency: Consider unit n ¢ Z%. Denote X =X 10 € RP*IT71,

We know the baseline outcome admits the representation
Z)n,T - bn,T | LF = <Bn,I%7 BI%> - <ﬁn71%a bl'%> )

where B”’I% are the regression coefficients from regressing additional covariates X,, € RP on the
rank ko -approximation of X7o with kro = rank(E[Xzo]), i.e., doing PCR with parameter kzo .
Lemma 5. We have that

0 ~ 0

<Bn,IT7 b2%> = <l3n71T7 bI%>

with 5’”710 = VVTB”’I%, where V' denotes the right singular vectors of E[XI%].

Proof. Tt would suffice to prove that
VV b = b,

which is equivalent to b;% being in the rowspace of E[XI% ]. By definition, for any j € Z% we know

bjr =E[Y;r|LF,j € I9]. Lastly, by Assumption 12 there exists & (OT) ¢ R? such that

(2

p
E[Y;r|LF,j e 9 = > &™) - El(Xgy)ylLF.j € 4.
=1

This concludes the proof. O
Lemma 5 allows us to write

bt = buir | £F = (8" by ) = (5" by )

~ 0
= <5n’IT77IZg> + (A z0,m79) + (A 10, b70 ),

Term 1la Term 1b Term 1c

—} — 4nI% _ jnId 15
where N7y, = bI% — bZ% and An,I% = i — T,

Bounding term 1a: For this term, we first state the following result without proof.

Lemma 6 (Appendix B.4, Lemma 8 of Agarwal et al. (2020b)). Given any n € [N], d € [A], and
t € [T] let all relevant assumptions hold. Then conditioned on the latent factors and treatment

assignments, we have that

kId

t

|z

18 |, < C-

for some constant C > 0. This immediately implies that ||B”’Ig||1 < C\fkga.

15Notice that the analysis from Agarwal et al. (2020Db) that resolved the donor unit analysis no longer applies since
79, is not composed of independent o2-subgaussian random variables.
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Note that by Holder and Cauchy-Schwarz Inequalities,

~ 0 ~ 0
(B ngg) < 18" - Ings
~ 0
< I8 13" 2 g oo

Lemma 6 gives us that [|3%Z7|jy < C4/k/ IZ%|. Donor Baseline Consistency (Equation 66) yields

K3/ 721 4 1
In70 lloe = Op | \/log(PIZ%]) | 77 + k* max ,—, (67)
’ IT p ( ’ T’ p1/4 p3/2 \/]5 ’I%’ 5
Combining both results, we know
(52 g0 = 0, [ i log oo |20 4 2 SANEN (68)
’ s N70) = Og b e max 4 [ —
0, P TV | pi/a p3/2 NG |I%| 1

Bounding term 2b: Once again we state the following without proof

Lemma 7 (Appendix B.4, Lemma 7 of Agarwal et al. (2020b)). Let the setup of Lemma 6 hold,
the w.p. at least 1 — O(1/(p|Z{))10),

”Bn,l—g _ BMI{iH% < C(J) . log(p’Itd’) 11;:2/2(1 + — L de |
p'PIZE|  min{p, [TF|}

where C(o) is a constant that only depends on o, which appears in Assumption 9.
Once again note that
(Apzo.m70) < AT 1A 20 ll2 - [Inz0 lloos
where using Lemma 7 and Equation 67 gives us

<An,1%a 771'%) (69)

L3/4 k3/2 E3/4
_ 0] . 0 ca/ 0

Z2l 1 1
+ k? max ,—, .
AT

Bounding term 2c¢: Lemma 5 and Cauchy—Schwarz gives

(An10,079) = (bgo. VV A, 20) < llbgollz - [VVTA, 19 l2-
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We introduce the following result without proof.

Lemma 8 (Appendix C, Lemma 9 of Agarwal et al. (2020b)). Let the setup from Lemma 6 hold,

then
vE k32 [log(p|Z{) ) K2y /log(p|Z{!])
: d
Tt T min{yp Ty

Assumption 10 gives for any j € I%

VVIA, 74 =0,

birl = [EIS| < 1,

which lets us conclude
b0 ll2 < /IZ91.

Together we know

ksm\/w k2 /1Z9] log(p|Z9) (70)

A b =0
( n,2%s Z%> p mm{\f ]IO]} min{p3/2,|I%|3/2}

1/

Combining the Equations 68, 69, and 70 gives the following final rate for units n ¢ I%:16

bu,r — b1 | LF
k314 VIzl 1
=0, klog(p|Z%|) i + k? max T

9 -1 VP
Baseline Consistency: The above two sections allows us to conclude that for any n € [N]

I;n,T - bn,T ‘ LF (71)

/4 VIZ2 1 1
=0 10g(p|I0 |) — + k5/2 max ) [ —
D T 1/4 p3/2 ]I%] 1 \/13

2. Verifying Terminal Blip Consistency:
For any d € [A]:
. . . . d o d
Donor Set Consistency: Consider unit n € Z%. Denote XZ%\n = X:,Z%\n e RP*IZ7\nl - We know

the baseline outcome admits the representation

nrr(d) = Anr(d) | £F = (6", Yy ) = (6" T By, | £F]) +bor | £F = b,
Term 2

Term 1

n d . . . oy .
where ¢™IT are the regression coefficients from regressing additional covariates X,, € RP on the rank

1811 order to get this final rate we made some assumptions on how |Z%| and p grow relative to each other.
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kz4\,-approximation Xza\, with kza\, = rank(E[XZ%\n}), L.e., doing PCR with parameter kzd,,,.

Bounding Term 1: This argument is nearly identical to that for Donor Set Baseline Consistency.

Lemma 9. We have that
n,I4 n, T4
<¢ ’ZTvE[YI%\n]> = <¢ ’IT;E[YI%\n]>
with q@"ld = VVTW"’I%, where V' denotes the right singular vectors of ]E[XI%\n]'
Proof. Tt would suffice to prove that

which is equivalent to E[YZ% \n]T being in the rowspace of IE[XI% \n]. By Assumption 12 there exists
£(@T) guch that for any j € ¢\ n

. d, .
E[Y,r|£F,j € T4\ n] = Y & - Bl(Xgg\,)5|LF, 5 € T4 \ ],
=1
This concludes the proof.
]

Using Lemma 9, we can once again use the proof technique in Agarwal et al. (2020b) Theorem 2

(Appendix C) to show consistency of

An d ~n d
Term 1 = <¢ 7IT7 I%\n> - <¢ ’ZT7E[YI§€\71]> (72)
3/4 Z¢ 1 1
=0 log(p‘l-d‘) 7+k2ma’x [
P T p1/4 p3/2 \/]3 |I§£] 1

Bounding Term 2: This rate is exactly as listed in Equation 71.

Combining Term 1 and 2 rates, we find for any n € I:‘ﬁ

. k5/4 T 1 1
’yn,TyT(d) — ’Yn,T,T(d) | [,./r = Op ( log(pwz) <pl/4 + k5/2 max {;)/7 —_— })) y (73)

where 77 = max{|Z%|,|Z%|} and az = min{|Z0|, |Z%|}.
Non-Donor Set Consistency: Consider unit n ¢ Z%. Denote Xza = X. 74 € RP*IZE! We know

the baseline outcome admits the representation

. ST T4
'Yn,T,T(d) - 'Yn,T,T(d) | LF = </8 ’ITa’YI%,T7T<d)> - <ﬁ ’IT7'YI§{7T,T(d)> )
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where B”  are the regression coefficients from regressing additional covariates X,, € RP on the
rank k:I% -approximation XI% with k:I% = rank(E[XI% ]), i-e., doing PCR with parameter k:I% .
We use an essentially identical argument to that established in Non-Donor Set Baseline Consis-

tency.

Lemma 10. We have that

d ~ d
</Bn,IT , ’YI%,T,T(d)> = <ﬁn,IT7 ’YI%,T,T(d)>
with B"’Zd = VVTB"’I%, where V' denotes the right singular vectors of E[XI%].
Proof. Tt would suffice to prove that
VVTVI%,T,T(d) = 'ng,T,T(d%

which is equivalent to Vrd 7T7T(d)T being in the rowspace of IE[XI% ]. To that end, recall for any
jEeTé

G 0r L F, j e T~ By ) |LF, j € TF)

'(’2117-..,0T_17d)‘£]:7j c I% VT, ((—]T)Hﬁf,j € I%

]
Q010D L F, j € T8 — El{vyrwr)) + ey |LF, j € T4]
] -
Gt DILE, § e T — (v, wn)) |LF, {piiep) j € TF

{
(vj,

01,071, : :
:IE:[Y].ET1 T\ pF e 7] - <”J»T7ZO‘ ,07;> \LF, {piticy) € Tf

p
d, . , .
&4 B[(Xga)ilLF, 5 € T = > ol VEB[(Xg0)is |LF, {pitiey), j € T4
=1

(5<d D _ 01 -E[(X74)i5|LF ApiYicp),J € TF)-

Il
.M*@

-
Il
—

I
MB

.
Il
—

We use Lemma 2 in the fifth equality and Assumption 12 in the second to last equality. The
remainder of the steps follows from relevant definitions and standard manipulations. This completes
the proof. O
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Lemma 10 allows us to write

R s Td n.T4
i (d) = Yrar(d) | £F = (87T Ay 0(d)) = (B 3y 1(d)
= (B ’ZT;UI%(d»+<An,1527771%(d)>+<An,IgWI;€,T,T(d)>7

Term 1la Term 1b Term 1c

where g (d) = ’3’1% ,T,T(d) — 14 rr(d) and An,zgé = B"’I% — B”’I’?. Using the previously referenced

argument and applying the appropriate version of Lemmas 6, 7, and 8 allows us to claim for n ¢ Irf,{

k74 vz 1 1
Vo1 1(d) = Y1 7(d) | LF = O 1 A L R . (74
11 (d) = Ynr7(d) | p( og(pz) (p1/4 + max{p3/2 voro 1 \/ﬁ} (74)
where 77 = max{|Z%,|Z%|} and oz = min{|Z0], |Z%|}.

Terminal Blip Consistency: The above two sections allows us to conclude that for any n € [NV]

~ k7/4 3 \/TT 1 1

Anr1(d) = Yo 11(d) | LF = Oy ( log(pmz) (})1/4 + k% max {})3/2, \/ﬁ’ \/ﬁ} . (75)
where 77 = max{|Z%,|Z%|} and a7 = min{|Z%], |Z%|}.

3. Verifying Non-Terminal Blip Consistency:

For any unit n € [N], treatment d € [A], and t € [1,...,T — 1], consider the statement P, (t):

Inrt(d) — Y, rt(d) | LF
L(T—1)

=0p <(T_t) log(pmz) ( P/ + kT max{;/;;z’\/azli—l’ \;ﬁ}>> ’

where F = {|Z0/, |Z¢|, (123" )ne(N].qels 1,01} With 77 = max F, az = min F.

We proceed by strong induction.

To that end, consider the base case t =T — 1, i.e., proving Py, (T —1):
For any d € [A]:

; . ; : d _ T _
Donor Set Consistency: Consider unit n € Z$_,. Denote XI%,I\n = X:,I%,l\n e RP*Zr_1\nl

We know the baseline outcome admits the representation

nr-1(d) = mrro(d) | £F = (6", Yy )= (6" ElYy |\ | £F])

Term 1
74 n, I h
(0" by | £F) = (8" by )
Te?rrn 2
+ <¢n’1%*1 Yrd (D74 ) | ﬁ]:> — <§£n’z%*1 Yrd (Dza )>
2 Vzd \n, 1, 7\P7d \n,T ' VZd \n, 1, 7\F1d  \n,T

Term 3
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where 'YI%_I\n,T,T(DZ%_l\n,T) = [(%‘,T,T(Dj,T))jeI%_l]T and (Z)”’Z”}—l are the regression coefficients
from regressing additional covariates X;,, € RP on the rank kI% _,\n-approximation XI% _\n with
kra \n= rank(E[XZ:dr_l\n), i.e., doing PCR with parameter kzq ;-

Bounding Term 1: We prove a similar row space result.

Lemma 11. We have for any t € [T — 1]
(0" ElYzp,)) = ("7 ElYzp,))
with czB”’Id = VVT¢”’IEI, where V' denotes the right singular vectors of E[ng\n]-
Proof. Tt would suffice to prove that
VVTE[Yz,] = E[Yza,),

which is equivalent to ]E[ngl\n}—r being in the rowspace of E[ng\n]. By Assumption 12 there exists
£(d1) such that for any j € Z¢ \ n

P
. d, .
E[Y;r|LF,j € T¢ \n] = Y &™) - B[(Xgp )i LF, j € T¢ \ m].
i=1
This concludes the proof. ]

Using Lemma 11 for t =T — 1, we use the proof technique in Agarwal et al. (2020b) Theorem 2
(Appendix C) to show consistency of

A 7d ~ 7d
Term 1= ("1, Yz ) = (61 BV \]) (76)
0 log(pIT2_|) k34 r VIZEal 1 1
= og(p _ Y maxy — 575 =y ——
p T—1 p1/4 p3/2 \/]3 |I,§l_,71| _1

Bounding Term 2:

Lemma 12. We have for any t € [T — 1]
n, 74 _ [/ inTd
(6" b ) = (6" b,

with qB”’Id = VVTqb”’Ig, where V' denotes the right singular vectors of E[ng\n].

Proof. Tt would suffice to prove that
T
Vv be\n = bth\n’

which is equivalent to (bIzi\n’T)T being in the rowspace of E[ng\n]. Applying Lemma 2 we know
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for any j € I \ n

bij = <Uj7T, OT) Z a(0T7 'U] T, pZ Z 62 XId\TL 1‘7 |£f _7 6 Id \ ]

This concludes the proof. O
Using Lemma 12 for ¢t =T — 1 we can write

(0 F by ) = (0" b ) = (00 by ) = (907 by )

Next we negate the RHS and decompose as follows:!”

(g ) = (800 )
= <q§" I, s Tzd \n> + <An,1%_1\n’771%_1\n> + <An,25£_1\m bZ%_l\n,T>’

Term la Term 1b Term 1c

n, I

where Nzd_\n = l;z%_l\n - bz%_l\n and Anl:dr_l\" = @ T-1 — ¢”IT 1, Using the previously

referenced argument by applying the appropriate version of Lemma 6, 7, and 8 alongside Equation

71 for Terms 1la, 1b, and 1c respectively allows to claim

n.Id ~ in,T¢
Term 2 — <¢ 7IT_17bI‘7{71\n,T> _ <¢ 7IT_17 bI%,l\”7T> (77)
k‘7/4 1 1
H—{—k:?’max{\/;?,, } ’
/ P2 Var =1

where m7 = max{|Z%|, |Z¢_,|} and az = min{|Z%|, |Z¢_,|}.

=0p ( log(pmz])

Bounding Term 3:

Lemma 13. We have for anyt € [T — 1] and £ >t

d d
<¢n’zt 771f\n7T,€(DIf\n,€)> = <¢n’1t ”Yzzd\n,T,e(DIg\n,e)>
with q;”ld = VVT(;S”’Ig, where V' denotes the right singular vectors of E[ng\n].
Proof. Tt would suffice to prove that
T
4% ’ng\n,T,z(DI;i\n,z) = ’ng\n,T,e(DZg\n,ﬁ)7

which is equivalent to (”)/Iéi\n7T7K(DItd\n7€)) being in the rowspace of E[ Id\n] Assumption 12 and

1"The negation is used primarily for convenience sake as it makes no difference in the final rate.
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Lemma 2 give the existence of £(%1) and ¢!’ such that for any j € i\ n

Te T,t
vire(Dje) = (" wp, , —wo,) £y (", wp,,)
vy,

(Dj,feuol)]
j7T

E[Yjr] - E[
t)

=

—1

Y.
£@0') E[(Xga\,)if | £F,§ € T8 \ n]

=

This concludes the proof. O

Using Lemma 13 for t =7 — 1 and £ =T we can write
I¢ nId 4
<¢n T‘laVIg_l\n,T,T(DI%_l\n,T)> - <¢n r 1,VIg_l\n,T,T(DIg_I\n,T)>
x 7Id 2 7Id7 5
= <¢>n T*Ia71%71\n,T,T(DI%71\n,T)> - <¢n T 11Vl%il\n,T,T(DI%il\n,T)>

At this point we can follow the earlier approach for Term 2 by negating, using the same decomposition,

and applying the appropriate version of Lemma 6, 7, and 8 alongside Equation 75 to write

9/ VT 1 1
Term 3 =0 log(pm —|‘]€7/2max{77} )
: ( &(p2) <p1/4 PP oz =1 Vb

D, . D, .
where w7 = max{|Z0, [Zf_,|. (1" uepn)} and az = min{|Z0], [T}, |, (Z7"" Daepay} Notice

that this dominates the rates for Terms 1 and 2 and as such we also have for any n € I%_l

1 r-1(d) — Wmrr-1(d) | LF (78)

K9/ vz 1 1
-0 ] Y A2 e
”( 8onz) <p1/4 i max{pw’m’ \/ﬁ} ’

D, . Dy,
where 7 = max{]I%], ‘I%—l‘v (|IT T’)TLG[N]} and ar = mm{\l’%\, |I%71|, (]IT T‘)nE[N}}'
Non-Donor Set Consistency: Consider any t € [T — 1] and unit n ¢ Z¢. Denote Xga=X g0 €

RPXIZYl, We know the baseline outcome admits the representation
N . Td . d
nri(d) = nra(d) | £F = (B Ay 1(d)) = (BT 40 1,4(d))

where B”’Ig are the regression coefficients from regressing additional covariates X,, € RP on the
rank kza-approximation Xzq¢ with kze = rank(E[XItd]), Le., doing PCR with parameter kza.

We use an identical argument to that established in Baseline Consistency — Non-Donor Set.

Lemma 14. We have that

<5n71217 Itd,T,t(d)> = <ﬂn’z’§i7 Ig,T,t(d)>
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with B”’Zd = VVTB"’Ig, where V' denotes the right singular vectors of E[thd].

Proof. 1t would suffice to prove that

VVT’YItd,T,t(d) = ’YIgI,T,t(d)y

which is equivalent to 'YIéi’Tﬂf(d)T being in the rowspace of E[thd]. To that end, recall for any j € Z¢,

Vre(d) = %T’t, wq — wo,) | LF

= (] wa —wo,) £ > (] wo,) | LF
£t

-1 t+1 0T .
= El{vjr, wger agerty) +ebp 0 LF,j € Tl — Elfvjr, wry) + e |CF, j € )
V5,75 Wpt—1 d0’+1)> - <Uj T W(@T) >‘£}— Jje Id

V5T, W(Gt-1,d,0t+1) — w(oT WLF {pitiepJ € IF

= (v
= (v
d,t) (0
= <U]'7T7Zaz( Za g > ‘[’]: {pz}le [p]> JE It
i=1
_ Z(agd,t) _ O%(o;s)) -E[{v 1, pi) + €5i| LF, {pi}ie[p}aj € If]
D ()
= Z(ai Vo) E[(de)mlﬁf {pl}ze[p] J EIt]
The sixth equality is due to Assumption 12 being applied to each term. The remainder of the steps
follows from relevant definitions and standard manipulations. This completes the proof. ]
Using the above framework and Lemma 14 with ¢ =T — 1 allows us to write

. AnTd . ~n.Td
n 1, 17-1(d) = Ynr7-1(d) | LF = <5 T, Ig,T,T—1<d)> - </3 ’IT’laVIg,T,T—1(d)>

= (BT, Nzd_, (d)) + <An,z%71 »Nzd_, (d)) + <An71%71>WIg,T,T—1(d)>7
Te;n: la Ter‘n: 1b Term 1c

where T (d) = ’A}/It(i,T7T_l(d) — 'thd,T,T—1(d) and Anl%_l = B"’I%—l — B”’I’?—l. Using the previously
referenced argument by applying the appropriate version of Lemmas 6, 7, and 8 allows to claim for
n ¢ I’%fl

A UL (R 11
An1,r-1(d) = Yo 1r7-1(d) | LF = O) ( log(pmz) <p1/4 +k max{pg/Q, ﬁ’ \/13} )

(79)
mn, : D7L :
where 77 = max{|Z0], |Z¢_,|, (12" )nein} and az = min{ 3], 4|, (Z2"" ey} Combin-
ing equations 78 and 79 yields the base case.
Inductive Step: We assume Py, (¢) for £ € [t +1,...,T — 1] and prove Py,(t).
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For any d € [A]:
Donor Set Consistency: Consider unit n € Z. Denote Xravy = X, g0\, € RPXIZ - We know

the baseline outcome admits the representation

Yn,r(d) — Yo, (d) | LF = <q5n’zg7YI;i\n> - <¢n’ZgaE[YZg\n | ﬁ}—]>
Term 1
(O by ) = (6 g

Term 2

7Id ’Id 5
+<¢n t»VIg\n,T,T(DI;i\n,T)> - <¢n thIg\n,T,T(DZg\n,T)>

Term 3

1
+ Z <¢n,lfl7 Itd\n,T,é(DItd\n,E)> - <¢A>n’Itdv Azgl\n,T,z(DIf\n!)>

Term ¢

where qE”’Ifl are the regression coefficients from regressing additional covariates X,, € R? on the rank
kIg\n—approximation ng\n with k‘Itd\n = rank(IE[XZg\n), i.e., doing PCR with parameter kzgl\n-

Bounding Term 1: We simply use Lemma 11 which holds for any ¢ € [T' — 1] to leverage the
proof technique in Agarwal et al. (2020b) Theorem 2 (Appendix C) to show consistency of

An d ~n d
Term 1 = <¢ L 7YItd\n> - <¢ T 7]E[YI,§1\7L]> (80)
3/ Z¢ 4 1
=0 10g(p|Id|) — + k2 max y T =
P 11| i/ 2 /p 4 1

Bounding Term 2: Using the previously referenced argument for Term 2 in the base case by
applying the appropriate version of Lemma 6, 7, and 8 alongside Equation 71 and Lemma 12 we

know
nTd 2 Tn.Td
Term 2 = <¢ L 7bel\n> - <¢ L 7be\n> (81)
k74 P max d VT 1
T < _—
pl/4 PP Var 1| )’

where 77 = max{|Z%|,|Z{|} and az = min{|Z%|, |Z2|}.

Bounding Term 3: Using the previously referenced argument for Term 3 in the base case by

=0y ( log(pmz|)

applying the appropriate version of Lemma 6, 7, and 8 alongside Equation 75 for any d € {Dan}ne[ N
and Lemma 13 with £ =T to write
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n.Zd nI¢
Term 3 = <<Z> L a’YI;i\n,T,T(DIg\n,T)> - <¢ o 771?\n7T,T(DI§\an)> (82)
P

k9/4 \/TT 1 1
— 1 k7/2
( &(pmz) <p1/4 - { P2 Var =T \/17} ’

Dy, . D,
where 77 = maX{ﬂ?“’? ‘Itd‘v (’IT T’)nE[N]} and az = mm{ﬂ%‘a |Itd|7 (‘IT T‘)nE[N}}'
Bounding Term € for £ € [t+1,...,T — 1]: For any such ¢, we use an argument similar to Term
3 in the base case by applying the appropriate version of Lemma 6, 7, and 8 alongside the inductive

hypothesis Py, (¢) for all d € { Dy, ¢}ne(n) and Lemma 13 to write

Tl nTd
Term £ = <¢ i ’WIg\n,T,e(DI;l\n,z)> - <¢ e v’YIg\n,T,e(DI;i\n,é)> (83)

k(=0 V7T 1 1
=0, | (T -0 kT=9 Y —
! (( )Vlog(pmz) ( pl/4 " e P2 Vor—1"\/p ’

where F = {|Z9|,|Z{, (|I£”’q\)ne[que[@w’ﬂ} with 77 = max F, a7z = min F.
Note that Terms 1-3 are dominated by the summation, as such it suffices to analyze the latter.
To that end,

-1 -1
]{;(T*E) \/TT 1 1
Term ¢ = O T — ?0)+\/log(pm +k3(T_€)maX{7a} )
Z P ((Z ( )V/log(p I)< iz 2 Joar -1 /b

3
—t+1 p

where F = {’I%‘a‘Itd‘7(|I£n’qDne[N],qe[tH,..‘,T]} with 77 = maxF,ar = minF. Notice we
bounded the smaller donor set cardinalates by the largest one, i.e., when ¢ =t 4 1. We analyze the

time dependent terms and denote

- ' vrz 1 1
C-— \/log(TI)) C T maX{pg/2)m7\/ﬁ}

Upon substitution and reindexing we have

T—t—1 Em 1 T—t—1

m=1 m=1
We apply the geometric sum derivative trick for k£ > 1
M
k(1 — (M + 1)kM + MEM*!
S g = ML= QL DEC 4 METE) g gy
m=1 (1 o k)2
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Taking M =T —t — 1, we conclude

kT T—t Nss 1 1
e;ﬂ Term ¢ = O, ((T —t)y/log(pmr) < i + k(T max { ia ﬁ’ \/ﬁ} ’

Combining every term yields for any n € Z¢

1t (d) = Yri(d) | LF (84)
L(T—1)

=0p <(T —t)/log(prz) (1)1/4 + T max {;)/;E \/% \}ﬁ}>> 7

where F = {|Z0/, |Z¢|, (1T ™" ne(N].gefis 1,7} With 77 = max F, az = min F.

Non-Donor Set Consistency: Applying the Non-Donor Set Consistency argument written for
the Base Case for general ¢, specifically Lemma 14 for any t € [T — 1], proves Py, (t).

4. Verifying Target Causal Parameter Consistency: For any unit n € [N] and d’ € [A]T

we recall the SBE-PCR estimator and the corresponding causal estimand.
& [y-(d") S 7 (d") S
B[V | =3 Anrild) +bor and B[V | LF] =3 qnra(d) + bur | £F.
t=1 t=1
The difference is exactly
& [T ar . d
Y] B[V L] = (bur —bar | LF) + 3 Gureldr) = mmra(d) | £F)
t=1

We apply the known bound for each term, specifically Equation 71, Equation 75 with d = dp,
and Py, ,,(t) for every ¢t € [T'— 1]. Once again we encounter the same geometric sum, which gives

the desired result upon noting that the baseline rate is dominated by that of the sum.

C.5 Proof of Theorem 4

We recall that for any unit n € [N] and d* € [A]T

T T
ar
E [Yn(,t )| EF} = ;vn,m(da +bar | LF = ;( It wa, — wo,) + bar | LF.

Given Assumption 13 we know that ¢Z’T*‘H =0 for all ¢ > 1. As such,
I T T
B[V | LF| = 3 @t wa, = wo) +bag | LF = 3 Anrilde) + b | LF
t=T—q t=T—q
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We modify the SBE-PCR estimator accordingly
- T
. F ) A
E [Yn(,T) | LF ] = ) Anra(de) + bnr.
t=T—q

Applying the analysis from the proof of Theorem 3 yields the desired result.

D Proofs and Remarks for Time-Invariant Linear Dynamical Sys-

tem

D.1 Proof of Proposition 3

Recall z, is the latent state of unit n if it undergoes action sequence d’. By a simple recursion we

have

t t
dt _ _
29 =S BLCy wa, + Y B e + s
/=1 /=1

Hence,

t
dt _ — ~ ~
Y71(7t) <9n’ Z B; KC” Wd, + Z Bﬁl é777l74> + <9m wdt> + Mt

t
/=1 /=1
t—¢
< < n ’wdg> + 5n,t,€>a

where in the last line we use the definitions of @/ije and €, ¢ in the proposition statement. This

I
M&

~
Il

1

completes the proof.

D.2 Proof of Theorem 5

For simplicity, we omit the conditioning on L£F in all derivations; all expectations are conditioned
on LF.

1. Verifying (identification). First, we verify (identification) holds, which allows us to express
the counterfactual outcomes, in terms of the blips and the baseline. For all n € [N], using Assumption

14 we have:
EY %) | cF =EY %) - v | LA+ EYS) | £F

T )
S @Iy + 0 | £F

T
T nT
=K Z <¢Z‘t, Wy, — w5> + 555T) — 552T) | LF| +E
t=1 t=1

I
N

n1—t(dt) | LF +bp 1 | LF

-
Il

1
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2. Verifying (observed control) & (synthetic control):
We first show (observed control) holds. For j € Z?:

t ¢ -
bio | LF =3 (i wg) | £F =B |3 (00 wg )+ | £F (85)
/=1 =1
t _
—E|Y <zp§—f, w(~)> +9) | cF, 1 (86)
/=1

—E [ij?” | LF,je Iﬂ (87)
:E[Y},t‘ﬁfvjel?]7 (88)

where (85) and (87) follow from Assumption 14; (86) follows from the fact that <¢;€7€,w6> is

deterministic conditional on £LF, and that ]E[Eﬁt) | LF,I0] = ]E[Eg-?tt) | LF] as seen in the definition
of Z?; (88) follows from Assumption 1.
Next we show (synthetic control) holds. For i ¢ Z:

big | LF = zt: (" wp) | £F
(=1

t
=3 (v ) | £F. T (89)
(=1
t .
=3 > B (v ) | £F T (90)
=1 je1?
=" 8, | £F, T
JEI?

where (89) follows from the fact that <1/1iT*t, w6> is deterministic conditional on LF; (90) follows
from Assumption 16;
3. Verifying (“observed” lag 0 blip) & (synthetic lag 0 blip):
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We first show (“observed” lag 0 blip) holds. For all d € [A] and j € 7%

vio(d) | LF = (49, wg — wg) | LF

tr—1
=E <1/)?,wd wg) +5§0t,f - ) 4 Z <1/)§,w6> | LF (91)
=1
- -1 1 -1
=E <w wd>—|—€jt* —|—Z<w >]£.7-' —Z<¢§,w6>\£}'
=0
- . 1 -
= E |(4), wa) + el +Z<wj,w0>]£}" by | LF

t

v i) oF jeTd - ”

LF (92)

[ Gas | LF, G €T = by | LF (93)
where (91) follows from Assumption 14; (92) follows from the definition of Z¢ and Assumption 14;
(93) follows from Assumption 1.

Next we show (synthetic lag 0 blip) holds. For i ¢ T¢

Yio(d) | LF = (9, wq — wg) | LF = (P9, wg — wg) | LF, T (94)
=3 B (49, wq — wg) | LF, T (95)
jETd
=3 5 0(d) | LF, T
jET

(94) follows from the fact that (¢, wy — wy) is deterministic conditional on L£F; (95) follows from
Assumption 16.

4. Verifying (“observed” lag ¢ blip) & (synthetic lag ¢ blip):

We first show (“observed” lag ¢ blip) holds. For all d € [A], t € [T — 1], j € T¢

vyl 1 £7 g e =5 |2 v o e (90
_E Y](ﬁf:t) - Y](sztl N\ rr e (97)
zt: jt*; A Y](ffz:t ECEA | LF,jeTd (98)
=0
where (96) follows from Assumption 1; (97) uses that for j € Z¢, D:;_l = (0,...,0), and Assumption
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1. Then,

t t+tlt+tg+1 +t41t+te
(D J 7Q ) (D ] 79 ) . d
> E el ~ Ve |LF,j el
£=0
t =L p* et tiHt—b—1 iy g
_ Y4 (D J 7Q] ) (D »QJ ) . d
_ZE [<¢j,ijyt;+t ) w0>—|—€]t*+t ]t*+t | LF,jeT (99)
=0
. d
_ [<¢j, W, .., - w(~)> | LF,jeT }
[ T e e N N i
, Dy " iy (D) PR o
+ ZE (v, o —wg) + €04 ~ &t | LF,jeT
£=0 L i
= <@Z)t» wd—w~> | LF
J’ 0
i = =l %41 tpt——1 g* iy g i
l ~ (D 7 07 ) (D 07 ) . d
+ ZE <¢j’ ij,t;th - w0> + 5j,t;.]+t & titt | LF,7 € Z%| (100)

= (¢, wa —w) | LF + iE Kiﬁf,ij’z;H_[ - w(~)> | LF,je Id} :

t—1
34+ zot]+t e+1) (6tj+t =1 o+t D) 7t*+t O gy . d
+ZE[E [ewﬂ €5 e | D =% | LF,jeT

=0
t—1
= (¢ wa —wg) | LF+Y <zp§, W, e, w[~)> | £F,j e T (101)
t—1 -
=%u(d) | LF + ) vja(Djssri-e) | LF (102)
(=0

where (99) follows from Assumption 14; (100) follows from the definition of Z¢, i.e., for j € Z¢,
D;j = (0571, d); (101) follows from Assumption 17. Re-arranging (102) we have that,

- @, *+ t—1
%t(d) [ LF =B \Yjpepe = Yyl [ LF ] € Id] - Z'Yj,t(Dj,t;f-i-t—é) | LF

- /=0
- . y (Ot +t t—1

=E Vit | LF €T ] —E |V | LF| =D %e(Djssae) | LF - (103)
) £=0
i t—1

=B |Yiigue | LF.G € T = bysri | £F =3 7(Dss0-0) | £F (104)
) /=0

where (103) follows from the definition of Z%; (104) follows from Assumption 14.
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Next we show (synthetic lag ¢ blip) holds. For all d € [A], t < T, i ¢ T%

Yia(d) | LF = (i, wq — wg) | LF (105)
= (¢}, wa — wg) | LF, T (106)
I d
= > BTk wg —wy) | LF, T (107)
jezd
i d
= > B vud) | LF, T
jerd

where (106) follows from the the fact that <¢f, Wy — w(~)> is deterministic conditional on LF; (107)
follows from Assumption 16;

D.3 General Remarks on LTT Setting

D.3.1 Linear Factor Model Assumption

Assumption 14 is not restrictive. Recalling the Linear Dynamical System setting from Proposition

3, we present a few sufficient conditions for the above to hold true.

1. Hard Memory Cutoff
Jg e N,BI =, (108)

2. Exponential Forgetting (Spectral Decay Condition)

3C > 0,p € (0,1), such that for all ¢, HBZH2 < Cpt. (109)
3. Soft Memory Cutoff (Higher-Order Markov Property)
]P)(Zn,T | Zn,T—152n,T—25-- azn,O) = P(zn,T ’ Zn,T—1y- -+, Zn,T—q)- (110)

Clearly, the first condition is the strongest and implies the other two. In general, this shows that
our assumption of fixed memory is a reasonable one proving the effectiveness of our methodology

within the dynamic treatment regime from a statistical perspective.

D.3.2 Row-Space Inclusion

The next result is a consequence of Assumption 20 and will be essential in establishing consistency.

Lemma 15. Let Assumption 20 hold. Then for all d € [A] and t € [T] and £ < t there exists
@t e RP such that

(Dj,t”,‘-‘—t—bw) d (d,t,0)
E |V [LF| =D 0" El(Xza)| LF]

i=1
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and there exists o4t € RP such that

_— Attt
(Dj1*41—0—1,07 )

it (dt.0)’
E Y. |LF Z YUB[(X7a)i| LF).

Proof. This holds as an immediate consequence of Assumption 20 where we consider Dj’t; t+t—t4+i = Op
for any i € [¢] for the first term and Dj7t;f+t_£ = 0, as well for the second term which is fine given
our assumption that £ < t. O

D.4 Preliminary Results for Proof of Theorem 6

We present consistent results (and their proofs) that serve as preliminaries for proving Theorem 6.

This is analogous to Theorem 3, which serve as a preliminary result for Theorem 4.

Theorem 7. Let Assumption 1 to 20 hold.'® Consider the SBE-PCR estimator in Section 5.3 and

suppose k = maxze (ray 79} rank(E[Xz]). Then conditional on the treatment assignments, LF, and

{piticp we have:
(i) Baseline Consistency: For any n € [N] and t € [T

bng — bt | LF =0 log(p|Z?)) k5/4 1 E5/? max 7| 1 1 ‘
, , p t 1/4 p3/2 7\/‘1_?’7_1, \/ﬁ

(ii) Terminal Blip Consistency: For any d € [A] and unit n € [N]

o _ L Ve o 1 L
Ano(d) — mo(d) | LF = O, ( log(pmz) <p1/4 +k max{p3/2 Var=T b ,

where m7 = max{|Z%|,|Z¢} and az = min{|Z}|, |Z¢}.

(iit) Non-Terminal Blip Consistency: For any d € [A], unitn € [N], andt € [1,...,T —1]:

’?n,t(d) - ’Yn,t(d) | LF

k! V7T 1 1
=0, (ty] AN % A
p( Og(pﬂz)< 7T maX{pg/Q, /7041—17\/;5})>’

where C = {|T9],|Z9],|ZY|, (IDn’t:ﬁ—q)nE[N],qe[L---J]} with 77 = maxC, a7z = minC.

(iv) Target Causal Parameter Consistency: Forn € [N], and d’ € [A]T:

=~ kT /T 1 1
EYY) By L) | £F] =0, (Ty1 R— NALE
[ n,T ] [ TL,T ‘ ‘F] p Og(pﬂ-I) 1/4 + max p3/2 Y m? \/]») Y

where C = {|Z%|, |Z?], (|Idt|)t€m, (ID”’%H)ne[N],te[l,...,T—l]} with 17 = maxC and oz = minC. Here,

each O,(+) is defined with respect to the sequence min{p, az}.!

18T be precise this theorem statement does not require any of the corresponding assumptions in Section 4.
YNotice that ar < mz by definition.
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Below we provide a full proof of Theorem 7, which is quite similar to that of Theorem 3.

1. Verifying Baseline Consistency:

For any t € [T):

Donor Set Baseline Consistency: Consider unit n € Z?. Denote Xrov, = X 10\ € RPXIZ\n|,
We know the baseline outcome admits the representation

bt = bus | LF = (3" Yoo\, ) = ("7 ElYggy e | £F])

n 0 . . . oy .
where ¢™Z¢ are the regression coefficients from regressing additional covariates X,, € R? on the rank

kzo\n-approximation Xzo\, with kzo\, = rank(E[Xz0\,,]), i.e., doing PCR with parameter kzo\,,.

Lemma 16. We claim the following

(6" E¥zp\nal) = (6" ElYgpy])

~ TO\n|xk
where "L = VV T¢I where V € REVPHR 200 genotes the right singular vectors of E[ng\n].

Proof. By Assumption 20 there exists £ such that for any j € P\ n

p
EYi|CF.j € I\ n] =Y &%) - E[(Xg0\,)i;|CF. j € TP \ ).
=1

As such,
E[YI?\n,t] = VVTE[YI?\n,t]a

which gives us
~ 0
(6" ElYzg\uil) = (VVT 0" ElYzg\n0] ) = EVo\n ] VYT -9 = ("% El¥goy,,,])
proving the desired result. O

Using Lemma 16, we can now lift the proof technique in Agarwal et al. (2020b) Theorem 2
(Appendix C) to show consistency for n € I}

bug = by | LF = (6" Yo 0) = (6" ElVzpa])

=0p< log(p/2¢))

K + k? max i (111)
) ) )
1/4 p3/2 \/ﬁ /|I150’ 1

where we set T) = 1, w(td) = gnT0 | plid) = GnT?, Y, 70 = Yz, E[Y, 7] = E[Y70\,, | LF], and
Pv,.. = VV''. Furthermore, in the final rate we set Ty = p, Ng = |[Z? \ n|, and rpre = kzo\n- To
conclude, we used that |ZY \ n| = |Z?] — 1 and kzo\, <k where k is the uniform upper bound on

the rank on all possible expected covariate matrices, i.e., k = maxz¢ 7ay¢70y rank(E[Xz]).
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Non-Donor Set Baseline Consistency: Consider unit n ¢ Z7. Denote Xro=X. 10 € RP*IT1. We

know the baseline outcome admits the representation

~ ~ 0 = 0

o = bt | LF = (8% by ) = (8" gy, )
where B”’I? are the regression coefficients from regressing additional covariates X,, € R? on the rank
kzo-approximation of Xgo with kzo = rank(E[Xzo]), i.e., doing PCR with parameter kzo.
Lemma 17. We have that

0 ~ 0
<6n,It ’ bz?,t> = <l3n71t , bz?,t>

with 5’”710 = VVTB”’I?, where V' denotes the right singular vectors of IE[XI?].

Proof. 1t suffices to prove that
T
VV bz‘?’t == bI?,t’

which is equivalent to (bzg,t)T being in the rowspace of E[X70]. By definition, for any j € TP we
know bj; = E[Y;+|LF,j € I?]. Lastly, by Assumption 20 there exists & 0) € RP such that

ElYi4l£F,j € If) = 3 & - El(Xgp)y|LF,j € I7).
=1
This concludes the proof. O

Lemma 17 allows us to write

Bn,t - bn,t ‘ LF = <BH’I?7 BI?7t> - <Bn,Z?’ bItO7t>

~ . 70
= (gt ,771?> + <An,I?’ 771§> + <An,zga bzg>v

Term 1la Term 1b Term 1c

where 170 = Bzg,t — b, and A, 70 = pnIl — gnTl | Using the previously referenced argument in
Section C.4 for any Non-Donor Set Component and applying the appropriate version of Lemmas 6,

7, and 8 allows us to claim for n ¢ Z

. E3/4 VI 1 1
bpt —bpe | LF =0 klog(p|Z?|) | —— + k? max L ,— .
N N | V4 ( g(p’ t|) <p1/4 { p3/2 |I?‘ 1 \/]3

Baseline Consistency: The donor and non-donor cases together imply that for any n € [N]

’ ko/4 VIO 1 1
bpt —bps | LF =0 log(p|Z0]) | =~ + k*/? max Ll  — . 112
it it | p ( g(p‘ t ’) <p1/4 p3/2 |Il?| 1 \/]3 ( )

2. Verifying Terminal Blip Consistency:
For any d € [A]:
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Donor Set Consistency: Consider unit n € Z¢. Denote Xzavp, = X, za\p, € RPIZn - We know

the baseline outcome admits the representation

n0(d) = Ynold) | £F = (6" Yraupe, ) = (6" ElVzon e, | LF])
Te;; 1
+ <¢n,l—d\n’ bId\n,t;d> - <¢3n’Id\n7 BZd\n,t;d>u

Term 2

where Yza\,, = [(Y]tj ) jGId\n]T and dA)”’Zd are the regression coefficients from regressing additional
T

covariates X, € RP on the rank kza\,-approximation of Xza\,, with kza\,, = rank(E[Xza\,]), i.e.,

doing PCR with parameter kId\n.QO

Bounding Term 1: This argument is nearly identical to that for Donor Set Baseline Consistency.

Lemma 18. We have that
n, 7% n, T4
<¢ L 7E[YId\n,t;d]> = <¢ AL ﬂE[YId\n7t;d]>

with q@"ld = VVT¢”’Id, where V' denotes the right singular vectors of E[de\n].
Proof. Tt would suffice to prove that
VVTE[Yza\,] = E[Yza\,,

which is equivalent to IE[YZGZ\,J—r being in the rowspace of E[X74\,]. By Assumption 20 there exists
¢(@0) such that for any j € Z¢\ n

~ ((d0)

ElYje|LF,j € I\ n] =) &7 - E[(Xza\,)ij|£F,j € I\ n].

i=1

This concludes the proof. ]

Using Lemma 18, we can once again use the proof technique in Agarwal et al. (2020b) Theorem

2 (Appendix C) to show consistency of
~ d ~ d
Term 1 = <¢n,I aYId\n,t;d> - <¢n’1 7E[Y2d\n,t;d]> (113)

=0, (\/log(p|Id|) ]Ii/él—i—kaax{\/’IT ! ! }])

/4 P2 D T - 1
Bounding Term 2:

Lemma 19. We have
(0" brangs, ) = (6" bz, )

29The vectorized baseline term is defined similarly to outcome as shown above.

77



with (Z)”’Id = VVTgb”’Id, where V' denotes the right singular vectors of E[de\n].
Proof. 1t would suffice to prove that
VVTbId\n,t;d = bId\n,t;d7
which is equivalent to (bzay, t*d)T being in the rowspace of E[de\n]. Applying the third conclusion
s

of Assumption 20 with ¢ = 0 we know for any j € Z¢\ n

gt

=% p
b =B |V |LF j € Id] =3 "ol E((Xz4)y | LFj € T\ n).
=1

This concludes the proof.

Using Lemma 19 we can write

n,Z¢ n, T4 7 n,I% n, I 7
<¢ * 7bId\n,t;d> - <¢ o+ 7bId\n,t;d> = <¢ * abI‘i\n,t;d> - <¢ * 7bId\n,t;d>

Next we negate the RHS and decompose as follows:?!

n, 7% n,I% 7
<¢ VA ’bId\n7tzd> — <¢ AL ,bId\n,t;d>
S
= <¢ * 7771'd\n> + <An,l'd7 nzd\n> + <An,zd7 bId\n,t;d >7

Term 1la Term 1b Term 1c

where 7za\, = Bzd\n e, — brayper and A 7o = ¢ I" — I Using the previously referenced
b I b I »
argument by applying the appropriate version of Lemma 6, 7, and 8 alongside Equation 112 for

Terms la, 1b, and 1c respectively allows to claim
Term 2 = <g2)n,Id’ [;Id\n,t;d> - <q~5n,I‘i’ bId\n,t;d> (114)

7/4
S a——)
/A P2 P ar -1

=0p ( log(pmz|)

where 77 = max{|Z%|, |Z¢|} and az = min{|Z?|, |Z¢|}. To be precise the both collection of donor
sets above should include (Zf);e[r], but note that I C --- C Z3.

Combining Term 1 and 2 rates, we find for any n € Z¢

) kA vz 1 1
')/n70(d) — ')/n70(d) | Ef = Op ( 10g(p7TI) <p]-/4 + k max {pg/z, ﬁ, \/}3} N (115)

2!The negation is used primarily for convenience sake as it makes no difference in the final rate.
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where 77 = max{|Z%|,|Z%} and az = min{|Z}|, |Z¢|}.
Non-Donor Set Consistency: Consider unit n ¢ Z¢. Denote X74 = X, 14 € RP*IZY We know

the baseline outcome admits the representation
. AnTd A T
An0(d) = mo(d) | £F = (B 57a0(d)) = (8" 154, 0(d))

where B"’Id are the regression coefficients from regressing additional covariates X;,, € RP on the
rank kre-approximation Xz4 with kza = rank(E[Xz4]), i.e., doing PCR with parameter kza.
We use an essentially identical argument to that established in Non-Donor Set Baseline Consis-

tency.

Lemma 20. We have that
(8" Azag(d)) = (BT 70 ()
with B”’Id = VVTB”’Id, where V' denotes the right singular vectors of E[Xza].
Proof. It would suffice to prove that
VVT’YZd,o(d) = Yra(d),

which is equivalent to ’deyo(d>—r being in the rowspace of E[X7a]. To that end, recall for any j € Z¢

v0(d) = (¥}, wa — wg)

(D; 1=

Y g,tj )
]7t;(

=F —-E|Y. ..’

]7t;

i
(Djpx_1 »07)]

59 .
=k [Yjvt§ B Yj(,t;ir)t J e Id}

p
S — O B[(Xga)y|LF, j € TY.

7 7
i=1

The first two equalities follow by the definition of blips, the third follows from Dj’t; =(0,...,0,d)
where d occurs in the t;- index. The last equality is due to the second and third conclusions of

Assumption 20 being applied to each term respectively. O
Lemma 20 allows us to write

An0(d) = Tno(d) | £F = ("7 Agagl(d) ) = (87" s o(d))
= (B mza(d)) + (A 20, mza(d)) + (A 2, 7220(d)),

Term 1la Term 1b Term 1c

where 1z7a(d) = 474o(d) — v7ao(d) and A, 74 = BT — gnI Using the previously referenced
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argument and applying the appropriate version of Lemmas 6, 7, and 8 allows us to claim for n ¢ I%

) k94 vz o1 1
n,0(d) —mo(d) | LF = O, ( log(pmz) (pl/4 4 k32 max{ /g, })) ,  (116)

P2 Var—1' b
where 77 = max{|Z%|,|Z%} and az = min{|Z}|, |Z¢|}.

Terminal Blip Consistency: The above two sections allows us to conclude that for any n € [N]

g4 vz 1 1
5 _ — r /2 vtz -
’)’n70(d) "}’n70(d) | ‘C‘F - Op ( log(pﬂ-l-) <p1/4 + k max { p3/2 ’ \/Oﬁ’ \/]—?} ) (117)
where m7 = max{|Z%|, |Z¢|} and a7z = min{|Z}|, |79}
3. Verifying Non-Terminal Blip Consistency:
For any unit n € [N], treatment d € [A], and ¢t € [1,...,T — 1], consider the statement Py, (t):

’A)/n,t(d) - ’Yn,t(d) | LF
Kt T 1 1
_ 0, (t+/iog(pr <+ktmax{v,,})>,
p( s i P Va1 b

-----

We proceed by strong induction.

To that end, consider the base case t =1, i.e., proving P, ,(1):

For any d € [A]:

Donor Set Consistency: Consider unit n € Z¢. Denote Xzavp, = X, 74\, € RPXIZ\ - We know
the blip admits the representation

N ~n T Tl
A (d) = A (d) | £F = (6" Vyanee 1) = (9" Bz e 1 | LF])

Term 1
d nId 7
+ <¢n,2 abId\n,t;d—H | L]:> - <¢n’I ’bId\n,t;d+1>
Term 2
+ (¢ (D )| LF) = (8", Azano(D )
» YId\n,0 Id\n,t;d+1 » VZd\n,0 Id\n,t;dJrl :

Term 3

where yza\,, o(Dza\,, t*d+l) = [(fyjp(Dj’t;H))jezd\n]T and ¢™Z" are the regression coefficients from
I’ bl I

regressing additional covariates X, € R? on the rank kza\,-approximation of Xza\,, with kza\, =

rank(E[Xza\,]), i.e., doing PCR with parameter kzay,.

Bounding Term 1: We prove a similar row space result.

Lemma 21. We have for any t € [T — 1]
n,I% n,I%
<<f> * 7E[de\n,t;d+t]> = <</5 o aE[YId\n,t;d+t]>
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with (Z)”’Id = VVTgb”’Id, where V' denotes the right singular vectors of E[de\n].

Proof. It would suffice to prove that
VVTE[YId\n,t;dH] = E[YId\n,t;dth]v

which is equivalent to E[Y7a\,, t +J T being in the rowspace of E[X7za\,]. By Assumption 20 there
T
exists £(4%) such that for any j € Z¢\ n

P
E[Y; t*+t’£}-]€Id Zfz(dt XId\n)Zj“C]:JGId\ n).
i=1

This concludes the proof. ]

Using Lemma 21 for ¢ = 1, we use the proof technique in Agarwal et al. (2020b) Theorem 2
(Appendix C) to show consistency of

n d n d
Term 1 = <<Z5 * 7YZd\n,t2d+l> - <¢ * 7E[YId\n,t;d+1]> (118)

E3/4  ma Iz 1 1
— max , —, .
1/4 p3/2 \/ﬁ /’Id’ 1

=0p ( log(p|Z7))

Bounding Term 2:

Lemma 22. We have for any t € [T — 1]

n, 74 _ [/ inTd
<¢ ) bI‘i\n,t;d+t> - <¢ ) bI‘i\n,t;d+t>

with q@”ld = VVT(;S”’Id, where V' denotes the right singular vectors of E[de\n].

Proof. Tt would suffice to prove that

T —
Vv bId\n,t;dth = bId\n,t;dthv

which is equivalent to (bza,, # +¢) | being in the rowspace of E[X7a\,]. Applying the third conclusion
T
of Assumption 20 we know for any j € Z¢\ n

p
b =B | V{0, L F efd] => 0™ E[(Xpa)y | LFj € T\ n].

This concludes the proof.

Using Lemma 22 for ¢t = 1 we can write
7Id 2 7Id 7 P 7 7Id i ?Zd 7
<¢n ,bzd\n,t;d+1> - <¢n ,bzd\n,t;d+1> = <¢n ,bId\n,t;d+1> - <¢n 7bId\n,t;d+1>
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Next we negate the RHS and decompose as follows:??

n, T4 n,I% 7
<¢ * 7bId\n,t:"Zd+1> - <¢ * ;bId\n,t;d+1>
~p Td
= <¢ * 777Id\n> + <An7Id7 nId\n> + <An7Id7 bId\n,tzd+1>7

VT TV
Term 1la Term 1b Term 1c

where 774\, = Bzd\n i +1 = Ozavp e 41 and A, 7a = ¢mI" — ¢nI’ Using the previously referenced
b I b I »
argument by applying the appropriate version of Lemma 6, 7, and 8 alongside Equation 112 for

Terms la, 1b, and 1c respectively allows to claim
Ay d ~_ 7d
Term 2 = <¢>n’I 7bId\n,t;d+1> - <¢n,I ,bId\n,t;d+1> (119)
K774 Pmax VT L
p1/4 p3/2 ’ \/]3’ \/ﬁ ’

where 77 = max{|Z%|,|Z%} and az = min{|Z?|, |Z¢|}.

Bounding Term 3:

= Op ( 10%(]9”1’)

Lemma 23. We have for anyt € [T — 1] and £ <t
n,I¢ n,T¢
<¢ * 77Id\n,€(DZd\n,t;d+t—€)> = <¢ * ?fYId\n,f(DZd\n,tzd+t—€)>

with (Z)”’Id = VVTgb”’Id, where V' denotes the right singular vectors of E[de\n].

Proof. 1t would suffice to prove that

.
4% 'YId\n,Z(DId\n,t;d—i—t—Z) = ’de\n,e(DId\n,t;d+t—e)7

which is equivalent to (yza\y, ¢(Dza\n . ++—¢)) " being in the rowspace of E[X7a\,]. Notice that for
b b I
any j € Z¢\ n

4
Vj,f(Dj,t;-Ft—f) = <¢j’ij,t;+t—Z - wf)>

— xtit—0+1
(Dj t* +t727w)
Y., ]

=E i+t

—-E

_— ~t¥ ¢
(Dj,t*f t—t—1 097 7)
Y J
Gttt

p
= Z(O‘(O’tl) - O‘(OJM) ) : E[(de\n)ijlvj € Id \ n],
i=1

where we use the definition of blips in the first two equalities and both conclusions of Lemma 15

yield the last equality. ]

22The negation is used primarily for convenience sake as it makes no difference in the final rate.
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Using Lemma 23 for ¢ =1 and ¢ = 0 we can write
d "n, I N
<¢7“Z ,Wzd\np(ljzd\n¢;d+1)> _'<¢ﬂ%IT_17Wid\nﬂ(l)Id\nJ;d+1)>
-~ ~o 7d R
= <¢7“Z »Wid\np(IDZd\n¢;d+1)> _'<¢y%IT_17Vid\nﬂ(ljld\nigd+l)>

At this point we can follow the earlier approach for Term 2 by negating, using the same decomposition,

and applying the appropriate version of Lemma 6, 7, and 8 alongside Equation 117 to write

E11/4 V7T 1 1
Term?):Op ( 10g<p7TI) (p1/4 +k4ma.X{p3/2,m,\/ﬁ} y

where 7z = max{[Z9], |29, (|Z2%#5+1|), e} and az = min{|Z0],|Z7], (|77%+1])pepny}. Notice

that this dominates the rates for Terms 1 and 2 and as such we also have for any n € Z¢

11/4

Ana(d) = i(d) | LF = O, ( log(pmz) (I;l/‘* + k* max {;{g \/% \;ﬁ})) . (120)

where mz = max{|Z}|, |7, (|I"" 4+ e n)} and az = min{|Z9], |7, (|74 ) e n }-
Non-Donor Set Consistency: Consider any ¢ € [T — 1] and unit n ¢ Z¢. Denote Xza = X, 1a €
RPXIZl. We know the blip effect admits the representation

Anald) = ua(d) | £F = (B Ao (@) = (8" 120,(d) )

where B”’Zd are the regression coefficients from regressing additional covariates X,, € RP on the
rank kzs-approximation X4 with ke = rank(E[X74]), i.e., doing PCR with parameter kra.

We use an identical argument to that established in Baseline Consistency — Non-Donor Set.

Lemma 24. We have that
n,Z% d _ / pnIe d
5 771‘1,15( ) - /3 7F)/Id,t( )

with B”’Id = VVTB”’Id, where V' denotes the right singular vectors of E[Xza].

Proof. It would suffice to prove that

VVT'YZd,t(d) = ’YId,t(d)7
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which is equivalent to ’)/Id7t(d)—r being in the rowspace of E[Xza]. To that end, recall for any j € Z¢

j(d) = (5, wa — wp)

— ~t* 41 t*
(Dj,tj 07 77) (Dj,t;f 1,07)
=B Y EAYGpi
=th 4t
- . (CEAIE d
=E [Yj,t;ert - Yj,t;f—i-t U SiA

p
S (M — o™y E[(Xga)y|LF, j € T.
=1

The first two equalities follow by the definition of blips, the third follows from Dj7t;f 4+t = (6, ...,0,d,0,..., (~))
where d occurs in the ¢} index. The last equality is due to the second and third conclusions of

Assumption 20 being applied to each term respectively. O
Using the above framework and Lemma 24 with ¢ = 1 allows us to write

An,1(d) = Yna(d) | LF = <Bn’Idﬂzd,1(d)> - <5"’Zdﬂzd,1(d)>
= (B nza(d)) + (A, zd,n7a(d)) + (A, 74,774 1(d)),
—_————— _

Term 1la Term 1b Term 1c

where 174(d) = 4za1(d) — v7a1(d) and A, 70 = AnI? — gnI? Using the previously referenced

argument by applying the appropriate version of Lemmas 6, 7, and 8 allows to claim for n ¢ Z¢

13/4

A k vz 1 1
w1 (d) = 11 (d) | LF = 0, [ /1 KPP max § Yom ———— — 0 | | (121
At (d) = 1 (d) | ( og(pm(puﬁ max{pS/Q’m ﬂ?})> .

where 7 = max{|Z%|, |Z%, (|Z”"+1]),.c(n1} and a7 = min{|Z{|, |27, (|27 +1]),.c(n1}. Combining
equations 120 and 121 yields the base case.

Inductive Step: We assume Py, (¢) for £ € [1,...,t — 1] and prove Py, (t).

For any d € [A]:

Donor Set Consistency: Consider unit n € Z¢. Denote Xzavy = X, za\p, € RPXIZ\l - We know
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the baseline outcome admits the representation

A “n.Td n.Td
nt(d) —ne(d) | LF = <¢ * 7YId\n,t;d+t> - <¢ * 7E[Y1d\n,t;d+t]>

Term 1
¢ It j
+ <¢n’ 7bI’1\n,t;d+t> - <¢n’ 7bId\n,t;d+t>
Term 2
n,Z4 in It o
+ <¢) =, Id\n,O(DId\n,t;d+t)> - <¢n, a'VId\n,O(DZd\n,t;d+t)>

Term 3

t—1
d ~ d .
+ Zz: <¢"’I ,’de\n,e(Dzd\n,t;d+t_e)> - <¢"’I 771d\n,€(DId\n,t;d+t—€)>
=1

Term £

where (ﬁ”’Id are the regression coefficients from regressing additional covariates X,, € R? on the rank
kza\,-approximation of Xza\,, with kza\,, = rank(E[Xza,]), i.e., doing PCR with parameter kza\,,.

Bounding Term 1: We simply use Lemma 21 which holds for any ¢ € [T' — 1] to leverage the
proof technique in Agarwal et al. (2020b) Theorem 2 (Appendix C) to show consistency of

~ d ~ d
Term 1 = <¢n,z ade\n,t;d+t> - <¢"’I 7E[de\n,t;d+t]> (122)
3/4

k——l—kaax 29 1 !
p'/t 2T -1 ] )

Bounding Term 2: Using the previously referenced argument for Term 2 in the base case by

=0p ( log(p|Z?))

applying the appropriate version of Lemma 6, 7, and 8 alongside Equation 112 and Lemma 22 we

know

cnTd 3 T4
Term 2 = <¢ * vbId\n,t;d+t> - <¢5 * vbId\n,t;d+t> (123)
7/4 / 1 1
klzl—{—k?’max{ 37T§,—, } ,
b / D / \/]5 Vo — 1

where 77 = max{|Z%|,|Z%} and az = min{|Z}|, |Z¢|}.

Bounding Term 3: Using the previously referenced argument for Term 3 in the base case

=0p < log(pmz])

by applying the appropriate version of Lemma 6, 7, and 8 alongside Equation 117 for any d €
{Dntx+ttnev) and Lemma 23 with £ = 0 to write

A d ~_ 7d
Term 3 = <¢n,I aVId\n,o(DZd\n,t;d+t)> - <¢n,I 7’7Id\n,0(DId\n,t;d+t)> (124)

EUA N 1
- 0 (vieto (b5 ke {7y ) )
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where 77 = max{|Z0[, |29, (|IT7"4+|)epn)} and az = min{[Z0, [Z7), (|27 ]) e n }-
Bounding Term ¢ for £ € [1,...,t —1]: For any such ¢, we use an argument similar to Term 3 in
the base case by applying the appropriate version of Lemma 6, 7, and 8 alongside the inductive

hypothesis Py, (¢) for all d € { Dy 15 +1—¢}nen) and Lemma 23 to write

n.Td nTd
Term { = <¢ o+ 771d\ne(DId\n,t;d+t—z)> - <¢ o+ 771d\n,e(Dzd\n,t;d+t—é)> (125)

osloms) ‘ viz 11
(6 logpﬁz (1/4+k max {p3/2’ Tz—l’\/ﬁ}))’

where F = {|Z9), |27 |, 177, (IZ7%5+))ein v (775 ) e} with 77 = max F, a7 =
min F.
Note that Terms 1-2 are dominated by the summation, as such it suffices to analyze the latter

and Term-3. To that end for the summation,

t—1

v/ 1 1
gT {=0 EK\/I —sz WI)
- erm ( og(pmr) ( 1/4—|— max{pwwm,\/ﬁ ,

where F = {|Z%, |Z0|,|Z¢, (’ID"”%“’)ne[N},qe[l,...,t—l]} with 77 = max F,az = min F. Notice
we bounded the smaller donor set cardinalates by the largest one, i.e., when ¢ =t — 1. We analyze

the time dependent terms and denote

_ e vrir 1 1
= +/log(pmz), C'_max{p?’/?’m’\/f)}'

Upon substitution we have

CZm(lM+C’km> —0(1/4+C’> kam
We apply the geometric sum derivative trick for k& > 1

_ @(MkM+1)

M k(1= (M 4 1)EM + MEMHY
ka = SE

Taking M =t — 1, we conclude

t—1
kt /T 1 1
Term ¢ = O, | t+/log(prw —— + k' max {,7}>>7
;:; p( g(p I)< 1/4 P32 \Jaz —1"\/p
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Combining this with Term-3 yields for any n € Z¢
Yt (d) = Mnpe(d) | LF (126)

Rt viz 1
=0, (ty/1 — + K 032" Jor — 1 /D
p( Og(p”)( it max{pi”/?’\/ﬁ’\/ﬁ}))’

where F = {|Z0, [Z0], [Z%), (|Z7%4 4|} e geit,..g} with 7wz = max F, az = min F.

Non-Donor Set Consistency: Applying the Non-Donor Set Consistency argument written for
the Base Case for general ¢, specifically Lemma 24 for any t € [T — 1], proves Py, (t).

4. Verifying Target Causal Parameter Consistency: For any unit n € [N] and d! € [A]T

we recall the SBE-PCR estimator and the corresponding causal estimand.

T T
E [Yéfi;)} = Z’Ay T— t(dt) + b T and E [ | ﬁf} Z’Ynj_t(dt) + bn,T | [,.7:
t=1 t=1

The difference is exactly

k [Yn(ji;)] —-E [YéiT) | E./T} = (l;n,T — b1 | ﬁ]:) + i (Y, r—t(de) — yn,r—t(de) | LF)
t=1

We apply the known bound for each term, specifically Equation 112, Equation 117 with d = dr,
and Py, ,(T —t) for every ¢t € [T'— 1]. Once again we encounter the same geometric sum, which

gives the desired result upon noting that the baseline rate is dominated by that of the sum.

D.5 Proof of Theorem 6

We recall that for any unit n € [N] and d7 € [A]T

T T
JjT
BV | LF] =3 gnr-elde) + bur | LF = 3 (5 wa, — wo,) + bur | LF.
= t=1

Given Assumption 21 we know that 4™ =0 for all i € [T — g — 1]. As such,

T T
JT
E[Y,fjﬁ ) yzf} = 3 W wg, —wo,) +bar | LF =Y vugooldi) +bur | LF
t=T—q t=T—q

We modify the SBE-PCR estimator accordingly

T
E[Yé?”ﬁ}"} = 3 Aur—i(de) + by
=T

t=T—q

Applying the analysis from the proof of Theorem 7 yields the desired result.
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