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Abstract

This paper proposes a semiparametric model that captures how a sequence of in-
terventions interacts with a sequence of outcomes. In this setup, the outcome at the
given period is affected by the history of treatments and outcomes, directly or indirectly
through mediators. The main challenge in understanding various channels of dynamic
effects is that, in observational settings, individuals make dynamically endogenous de-
cisions whether to select into treatments. Using the approach of instrumental variables,
this paper shows how the average and quantile dynamic treatment effects and media-
tion effects can be point identified and efficiently estimated in a class of semiparametric
models under treatment endogeneity and flexible heterogeneity. Our procedure only
requires binary instruments. As a byproduct of our semiparametric specification, we
also identify and estimate parameters that reflect the degree of endogenous selection

and time-invariant heterogeneity.
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1 Introduction

This paper proposes a semiparametric model that captures how a sequence of interventions
interacts with a sequence of outcomes over periods. Understanding the dynamic causal mech-
anism of treatments influencing outcomes is important in designing more informed policies.
For example, a multi-year after-school program has influences on the time path of student
performance. A performance at a given year is influenced by previous participation deci-
sions and performances through multiple channels: the performance is affected (i) by the
current intervention, (ii) directly by previous interventions, (iii) indirectly by previous in-
terventions through previous performances, which in turn are associated with the current
performance via (iv) state dependence and (v) time-invariant heterogeneity. Without un-
derstanding which channels are important in improving the performance, designing effective
after-school programs will not be successful. Other examples of dynamic treatments and out-
comes can be found in education (e.g., a household intervention program for disadvantaged
children), health (e.g., a sequence of medical treatments), development (e.g., multi-stage field
experiments), and online platforms (e.g., A/B testings).

The main challenge in understanding various channels of dynamic effects is that, in ob-
servational settings, individuals make dynamically endogenous decisions whether to select
into treatments. Students decide to participate in the program based on their previous de-
cisions and performance as well as their prospect of future decisions and performance. Even
in experimental settings, possibly due to learning over time, individuals participating in a
multi-stage experiment are likely to deviate from the random assignments. To address this
challenge while remaining flexible in modeling dynamics and treatment heterogeneity, we
use the approach of instrumental variables (IVs). We assume IVs are generated from a se-

quence of exogenous shocks or sequential experiments. We consider the most challenging



setting that IVs have minimal variation (i.e., binary variation). This setting incorporates
wide range of interesting examples (e.g., multi-period/stage experiments, sequential fuzzy
regression continuity). The results of this paper will immediately apply with IVs of richer
variation.

This paper shows how the average and quantile dynamic treatment and mediation ef-
fects (exemplified in (i)-(v) above) can be point identified and efficiently estimated in a class
of semiparametric models. We consider a sequence of outcomes that are either discrete or
continuous and a sequence of binary treatments. Naturally, a sequence of nonparametric
threshold-crossing models arises in the model construction. We remain fully nonparametric
in the structure of outcome and treatment-selection equations. We introduce a semipara-
metric structure for the joint distribution of the unobservables that determine outcomes and
selection decisions of all time periods. Specifically, we introduce a parametric copula to model
the dependence among the unobservables while letting the marginal distributions fully non-
parametric. The motivation for the semiparametric specification of the joint distribution is
twofold. First, the identification in nonparametric models for dynamic treatment effects is
deemed challenging in the literature. The existing results either consider irreversible treat-
ments, rely on IVs with large support or extra exogenous variables, or resort to partial iden-
tification; see below for references. We show how the semiparametric approach is sufficiently
flexible while lends us a tractable point identification strategy with minimal exogenous vari-
ation. Second, a fully nonparametric joint distribution may cause the curse of dimensionality
in the current multi-period setting. We show, on the other hand, how the semiparametric
approach achieves efficiency in estimation and leads to a simple estimation procedure. As
a byproduct of our specification, we identify the parametrized dependence structure of the
joint distribution, in addition to dynamic treatment and mediation effects. These dependence
parameters capture the degree of endogenous selection and serial correlation (that reflects
time-invariant heterogeneity), which are by themselves important policy-relevant parameters.
We make sure that the marginal distributions of unobservables are fully nonparametric, which

is crucial to avoid misspecification because the effects we want to identify are direct functions



of these marginals. For the reasons described, we believe that the semiparametric compromise
may have great appeal to practitioners, for whom practically useful and easy-to-implement
methods have been scarcely available to estimate dynamic treatment and mediation effects
under endogeneity and flexible heterogeneity.

The main idea for identification is to model the joint distribution of unobservables us-
ing a multi-variate copula that are generated from vine copulas. We assume that each
dependence parameter (between outcome and treatment unobservables or between different
periods) captures certain pairwise stochastic ordering. The idea of using copula for identifi-
cation and estimation builds on Han and Vytlacil (2017) and Han and Lee (2019). However,
the current work differs from its predecessors in several important ways. First, this paper
considers multi-period models, which produce a wide range of interesting parameters that
have not been considered in the previous studies on static models. Second, Han and Vytlacil
(2017) and Han and Lee (2019) only consider a binary outcome while the current work con-
siders (a sequence of) binary or continuous outcomes. We show how the identification with
continuous outcomes remains tractable without imposing additional restrictions. Third, we
allow that each counterfactual outcome is generated by a distinct unobservable depending on
the treatment status. This effectively assumes that each observed outcome is generated by a
vector of unobservables, which is crucial in allowing for flexible treatment heterogeneity. On
the other hand, the previous papers implicitly assume a scalar unobservable, or equivalently,
rank invariance (Chernozhukov and Hansen (2005)), which significantly limits heterogeneity.
Finally, it is not a priori obvious that the useful property of bivariate copula would continue
to hold with multi-variate copulas. We show that this is in fact the case but only within a
class of multi-variate copulas that is newly proposed in this paper. We show that this class
includes the multi-variate Gaussian copula, which implies that identification is achieved in
the dynamic and multi-variate extension of the popular bivariate probit model.

Under the copula specification and with a sequence of binary IVs, we identify the dynamic
treatment effects, treatment effects mediated by previous outcomes, nonparametric state-

dependence, treatment-status-specific endogenous selection parameters, and serial correlation
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parameters, both the average and quantile effects and all conditional (or unconditional) on
covariates. When outcomes are continuous, we identify the distribution of counterfactual
outcomes and thus quantile treatment and mediation effects and quantile state-dependence.
With binary outcomes, the effects of lagged outcomes as mediators can be simply defined
and identified as if treatment effects. With continuous outcomes, we propose a framework to
maintain this nice aspect. In addition, we identify the responses of treatments to previous
treatments and outcomes, which capture habit and learning. Given the rich set of identified
parameters, we show how they can be combined to answer further policy questions, such as
dynamic complementarity.

We propose to use a sieve maximum likelihood (ML) to estimate the parameters. The sieve
methods provide a flexible and tractable way to estimate semi-/non-parametric models (Chen
(2007)). We develop the asymptotic theory for the sieve ML estimators of the dynamic effects
and dependence parameters, including consistency, convergence rates, and y/n-asymptotic
normality. We also establish the asymptotic theory for the sieve likelihood ratio test statistic,
which helps perform inference on the parameters without estimating asymptotic variances.
Interestingly, our model becomes saturated with discrete covariates, in which case one can
use the standard parametric ML estimation.

This paper mainly contributes to the literature on treatment effects and policy evalua-
tion (e.g., Abbring and Heckman (2007)). Heckman and Navarro (2007) and Heckman et al.
(2016) consider identification of dynamic effects of treatment timing (i.e., irreversible treat-
ments). They allow the joint distribution to be unknown while requiring IVs to have large
support. For the identification of the joint distribution of counterfactual outcomes, they in-
troduce a factor structure for the unobservables. Han (2021) considers a fully nonparametric
model for dynamic treatment effects with a general behavior of treatment sequence which
nests treatment timing. Due to the flexibility and allowing for binary IVs, he relies on ad-
ditional exogenous variables with specific support restrictions. Han (2022) embraces partial

identification and characterizes bounds on dynamic treatment effect and the identified set for



optimal dynamic treatment allocation rules.! Another related line of work concerns multiple
or multi-valued treatments that are ordered or unordered where Imbens and Angrist (1994)-
type monotonicity assumptions fail to hold (Heckman and Pinto (2018); Lee and Salanié
(2018); Balat and Han (forthcoming)).

This paper also relates to the literature on dynamic discrete choice models, although the
approach is very different. Models in this literature typically include lagged dependent vari-
ables, whose effects are interpreted as state-dependence, and time-invariant unobserved indi-
vidual heterogeneity.? For example, Honoré and Kyriazidou (2000) study identification and
estimation of the parameters in dynamic discrete choice models focusing on state-dependence.
Relatedly, Kyriazidou (2001) considers a dynamic sample selection model with lagged depen-
dent variables. This model may be generalized to a dynamic switching regression model for
treatment effects. Our approach complements this literature in several ways. First, the main
focus of this literature is to identify and estimate state-dependence parameters, whereas our
main purpose of using dynamic two-stage model is to identify the dynamic treatment effects
in addition to state-dependence as part of mediation effects. Second, we consider nonpara-
metric specifications for the structural functions instead of linear specifications. We follow
the approach of the treatment effect literature and write all the effects as nonparametric
marginal effects instead of coefficients in a linear specification that are sometimes less in-
terpretable (i.e., in a discrete choice model with linear index). Individual heterogeneity is
subsumed in our marginal effects while explicitly specifying it is crucial for identification in
the literature of dynamic discrete choice model. Finally, with the semiparametric structure,
we achieve /n-asymptotic normality for many interesting functionals of the structural func-
tions, whereas the estimator of Honoré and Kyriazidou (2000) converges at a slower rate than

v/n when the time-varying covariate vector contains a continuous random variable® and the

'Murphy et al. (2001) and subsequent work in the biostatistics literature consider the problem of optimal
dynamic allocation, but mostly under sequential unconfoundedness assumptions with a few exceptions (Cui
and Tchetgen Tchetgen (2021); Qiu et al. (2021)). This line of work can be adapted to identify and estimate
dynamic treatment effects.

2State-dependence and individual heterogeneity as the sources of observed serial dependence have different
policy implications (Heckman (1981); Arellano and Honoré (2001); Abbring and Heckman (2007)).

3Honoré and Weidner (2021) recently propose a different identification strategy based on Bonhomme



estimator of Kyriazidou (2001) at a slower rate than y/n due to kernel estimation. As a price
for these gains, our approach requires a sequence of excluded variables, and thus is more
suitable for a relatively short time horizon. Given that many studies on dynamic discrete
choice models require a sufficient number of periods for identification, the two approaches
are complementary in this way as well.* Another strand of the literature on dynamic discrete
choice models adopts the partial identification approach (e.g., Honoré and Tamer (2006);
Torgovitsky (2019)), but our focus is point identification in a more parsimonious model.
The rest of the paper is organized as follows. Section 2 introduces the model and identi-
fying assumptions for the leading case of T' = 2 and binary outcomes. Section 3 defines the
parameters of interest, and Section 4 shows the identifiability of the parameters. Section 5
discusses identification with general T. Section 6 extends the previous analysis by consid-
ering continuous outcomes. Section 7 considers semiparametric estimation and develops the

asymptotic theory. Most proofs are contained in Section A.

2 Model and Identifying Assumptions

As a leading case, we consider a two-period model for dynamic treatment effects with binary
outcomes. Even with this simple model, we can capture many interesting dynamic effects
that are not available in a static model. In Section 5, we consider a general T-period model.

The extension to continuous outcomes is considered in Section 6. Let D = (D, Dy) and

(2012) for the same model as Honoré and Kyriazidou (2000), and their estimator is shown to be /n-
asymptotically normal.

4Honoré and Kyriazidou (2000) and Honoré and Weidner (2021) require more than four periods for
identification in a dynamic discrete choice model.



d = (dy,ds). We posit the following model:

Y = 1ua(Y2, D, X) = Us(Y1, D)), (2.1)
Dy = 1[ms(Yi, Dy, Zo, X) > Vi), (2.2)
Yy =1 (D1, X) = Ur(D1)], (2.3)
Dy = 1m(Z1, X) > WA]. (2.4)

In this model, U;(d;) and Us(yi, d) are introduced to allow for rich heterogeneity in treatment
and mediation effects. To see this, consider counterfactual outcomes Y7 (d, z1) and Y5(y1, d, 2)

and counterfactual treatments Dy (ds, z1) and Ds(y1,d, z) and assume the following:

Assumption 2.1. (i) (No Anticipation) Y;(d, z1) = Y1(d1, z1) and D1(ds, z1) = D1(z1); (ii)
(Exclusion) Yi(dy, z1) = Yi(dy) and Ya(y1,d, z) = Ya(yi, d).

Under this assumption, Y;(d;) and Ya(yy, d) are the counterfactual outcomes that define
treatment and mediation effects; see the next section for details of the parameters of interest.
The observed outcomes relate to the counterfactual outcomes via Y3 = D;Y;(1)+(1—D;)Y1(0)
and Yo =37 jcq10ps 1Y1 = y1, D = d]Y>(y1, d). Since Ya(y1,d) is a function of Uz (y1, d), the
observed Y3 is effectively a function of the entire vector of (Us(1,1,1), Ux(1,1,0),Us(1,0,1),Us(1,0,0),
Us(0,1,1), Uz(0,1,0), Us(0,0,1), Us(0,0,0)). Similarly, ¥; is a function of (U1(1), U1(0)).
Therefore the equations for outcomes contain wvector unobservables. This aspect is in con-
trast to models that assume a scalar unobservable (e.g., Y = 1[u(D, X) > U]) as in Vytlacil
and Yildiz (2007) and Shaikh and Vytlacil (2011) or models that assume rank invariance
(Chernozhukov and Hansen (2005)). The following example illustrates the role of vector

unobservables.

Example 1 (Dynamic Roy Models). Our model nests dynamic Roy models as a special case.
For Y3(dy) = Yo(Y1, Dy, ds), let Yo(de) = 1{Y;(d2) > 0}. In this scenario, the agent may

select into treatment when her benefit (Y5 (1) — Y5 (0)) exceeds the cost (92(Zs) ), namely based



on Dy = 1{Y;(1) — Y5 (0) > 62(Z2)} and

Y5 (1) = Y5(0) — 02(Z2) = pa(Yr, D1, 1) — pa(Y1, D1, 0) — 62(Z2)
— {UQ(Yl,Dl, 1) — Ug(Yl,Dl,O)}

= WZ(maDhZZ) - ‘/2

Therefore, if Uy(y1,d) = Us, the selection model ends up not having any unobservable. Simi-

larly, Dy = 1{Y{*(1) — Y*(0) > 01(Z1)} where

Y1) = Y7(0) = 0:(Z1) = pua(1) — p2(0) — 01(Z1) — {U1(1) = U1(0)}

= 7T1(Zl> — ‘/1

contains no unobservable if Uy(dy) = Uj.

We normalize (Vi,U;(dy), Vs, Us(y1,d))| X =  to be uniform random variables on [0, 1]%.°
Under this normalization, we have 7 (Z;, X) = Pr[D; = 1|Z;, X| and m3(Y1, Dy, Z5, X) =

Pr[Dy = 11Y3, Dy, Zs, X]. We make the following assumptions:
Assumption 2.2 (Independence). (Z1, Zy) L (Vi, Vo, Ui(dy), Us(ys,d))| X for (y1,d) € {0,1}>.

Assumption 2.3 (Relevance). m and o are non-trivial functions of Z1 and Zs, respectively,

and (Z1, Z5)| X are non-degenerate.
Assumption 2.3 assumes that instruments are relevant conditional on X.

Assumption 2.4 (Copula). For each (y1,d) € {1,0}3, the unobservables are jointly dis-

tributed as

(‘/17 ‘/27 U1<d1)7 UQ(yla d))‘X:x ~ C (Ula Vg, U1, U2, E(yh d7 I)) 9

5This normalization needs caution in this semiparametric setting. It does not necessarily impose exogene-
ity of X, although it may seem so.



where C(vy, Vg, Uy, Ug; X) s a 4-copula with dependence matriz .

In Assumption 2.4, 3 (y, d, x) captures all the dependences among (V4, Va, Uy (dy), U2 (y1, d))
conditional on X = x. Notable elements in X(y1,d, z) are pv, v,(d4). and pv, v,(y.a), (for
t =1,2 and (y;,d) € {0,1}3), which capture the treatment-state- and covariate- specific se-
lection, which can be economically meaningful. The rank similarity or rank invariance (Cher-
nozhukov and Hansen (2005)) will impose restrictions such as pv, v,1) = Pvi,01(0),0 = PV, U105
which rules out state-specific selection. Although we can also allow the form of the copula
to depend on z and d, we do not pursue this specification for succinctness. In the next
assumption, C(-|-; p) denotes the conditional copula of C(-,-; p) and the stochastic ordering

“<g¢” is defined as follows.

Definition 2.1 (Strictly More SI). Let F(w;|ws) and F(w;|ws) be conditional distributions.
Suppose that F(wi|ws) and F(wi|ws) are continuous in wy for all wy. Then F is strictly
more stochastically increasing than F if ¢(wy, ws) = F~(F(wy|wy)|wy) is strictly increasing

in wy, which is denoted as F(-|-) <s F(+|-).

In this definition, the ordering is defined in terms of the degree of a particular positive

dependence between two random variables.

Assumption 2.5 (Vine Structure). The copula C (vi,ve,uy, us; ¥) in Assumption 2.4 and

its margins satisfy the following conditions:

(1) C(v1,u1; poyu,) Satisfies that C(v1|ur; poyuy) <5 C(V1|U1; Poyuy) for any puiu, < Pojuy;

(11) C(v1, V2, U1 Poyvgs Poyuy s Poguy) and C(v1,va, Uy, ug; ) are represented by

vy
C(Ula V25 U1s Porvgs Porug s IOU2U1) - / C (C('U2|61)7 C(ul |'l~}1); p(pUI'U27 Porus s pv2U1)) dﬁh

C(v1, vz, u1, up; X3) =/ C (Cur|vy, 02), Cuz|ty, 02); p(%)) dC(01, Ba),

where the outer copula C(-,-;p) on the r.h.s. satisfies C(:|-; p) <s C(:|-;p) for p < p;

(113) P(Pvrvss Poruss Posuy) and p(X) are strictly increasing in puyy, and py,u,, respectively.

10



This assumption is crucial later for the global identifiability of the treatment parameters in
our semiparametric model. The parameters are defined in the next section. Assumption 2.5(i)
naturally holds for many well-known bivariate copulas; e.g., see Han and Vytlacil (2017). The
vine copula structure in Assumption 2.5(ii) builds a multivariate copula from a mixture of
conditional copulas. It is a simple and effective way to impose semiparametric structure
for joint distributions in multi-period multi-stage models of this paper. By characterizing
Assumption 2.5(iii) as the additional requirement, we show how the ordering property of
a bivariate copula does not automatically extend to a multi-variate setup. We show that

Gaussian copulas satisfies Assumption 2.5.

Example 2 (Gaussian Copulas). First, Assumption 2.5(i) holds with Gaussian copula (Han
and Vytlacil (2017)). Let (Uy,Us,Us) ~ C(+,-,-; p12, pe3, p13), where C is a trivariate Gaus-
sian copula. Define Z; = &1 (U;) for j € {1,2,3}. Then, Z; ~ N(0,1). Observe that from
Ezample 4.4 in Joe (1997, p.113), we have

C(U17U27U3;Pl270237,013) = (13(2172272’3;,012,0237013)

:/ C (Cop(uz|u), Capr (us|u); pas1) du,
0

where all the copulas on the r.h.s. are Gaussian and pyszq = £2s pLapLs is the partial
V(rko)-(1-01,)

correlation between Zs and Zs given Zy. Then, the outer copula satisfies <g-ordering and

thus Assumption 2.5(ii). Also, the trivariate Gaussian copula satisfies Assumption 2.5 (iii)

with p(p12, p13, p23) = pesa. Similarly, we can construct a 4-variate Gaussian copula: From

Joe (2014, p.120), we have that

C(U1,U2,U3,U4§ Z) = / / C (C3|12(U3|U7U)= O4|12(U4|U7U);P34;12) dO(UaU),

. _ P34;1—P23;1P24;1 -
where all the copulas on the r.h.s. are Gaussian and pssi2 = \/(1 ) (1] ), which then
—P23;1 )\ 17 P24;1

satisfies Assumption 2.5(ii)-(iii) with p(X) = psa2.

11



3 Dynamic Treatment and Mediation Effects

In this section, we define the dynamic treatment and mediation effects and show that they can
be expressed as known functions of the model primitives: ps(y1,d, x), pi(dy, x), m2(y1, di, 22)
in (2.1)-(2.4) and the dependence parameters X(y;, d, ) in Assumption 2.4. Our goal in the
subsequent section is to identify the model primitives.

Let Ya(y1,d), Ya(d), Ya(ds), Ya(dy) and Yi(dy) be the potential outcomes. Note that
Y5(Y1, D1, dy) = Ya(dy) by implicitly assuming no anticipation, but Y5(Yi(dy),d) = Ya(d)
and Ya(dy, Dy(dy)) = Ya(dy) where Do(d;) is the counterfactual treatment given d;.° First,
we define the basic causal objects that serve as building blocks to construct treatment and
mediation parameters and show they are expressed in terms of the primitives. We focus
on the case of binary Y; here; the expressions with continuous Y; are shown in Section 6.

Consider

EYs(y1,d)| X = z] = Pr[Us(y1,d) < po(y1,d, 2)| X = x| = pa(y1,d, x),

EYy(di)|X = z] = Pr[Uy(dy) < p(dy, 2)|X = 2] = p(dy, ),
because Us(yi, d) and Uy (d;) are uniform conditional on X = z. Also consider

EY>(Yi(dh), d)|X = 2] = B[E[Ya(Yi(d)), d)|Yi(d)]| X = 2]

= > PiYi(d)) = pi|X = a] PrYa(y:,d) = 1Yi(d) = y1, X = 7]

Y1 6{0’1}

= > Pr[Yi(dy) =y, Ya(y1,d) = 1|X = 2]

y1€{0,1}
= Cpa(dy, ), pa(1, d, ); PUL () U2 (1))
+ p2(0,d, ) — C(#l(db ), u2(0, d, z); PUl(Jl),U2(o,d),x)
E[Ys(dy)| X = 2] = Z Pr[Yi(di) = y1, D2(d1) = da, Ya(y1,d) = 1| X = 2],

y1,d2€{0,1}2

SNote that Y3(Y7,d) and Ya(di, Dy) are counterfactual objects with different interpretations and
Y2(Y1,d) # Ya(d) and Ya(d1, D2) # Ya(dy).

12



where the last expression entails a formula with relevant copulas similar to the equation
one above. Then, examples of (conditional) dynamic treatment effects can be identified as

follows:

ED/QQJMCZ) - H(ylvd)‘X = l’] = :u2<g176i7 x) - :U’Q<y17d7 LC)

and

E[Y2(CZ1, dy) — Ya(dr,do)| X = 2] = C(Ml(dl,l‘); pa(1, dla dy, ); pUl(Jl),Ug(l,ch,d2),x)
+ M2(07 Jh ds, x) - C(Ml(dla iU)a M2(07 621, ds, x); pUl(Jl),Uz(o@l,dz),z)
— {C(pa(dy, ), pa(1, d, 2); puy a) va(1,a),0)

+ /1“2(07 d7 CL’) - O(:ul (dla CL’), M2(07 da CL’), pUl(d1),U2(0,d),x)}-

Note that in the first example, we can learn dynamic complementarity by setting y; =

and comparing d = (0,1) and d = (0,0) with d = (1,1) and d = (1,0):
E[Ya(y1,0,1) = Ya(1,0,0)] vs.  E[Ya(y1,1,1) — Ya(y1, 1, 0)].
Also, we can learn state dependence by setting d = d and vy =1 and y; = 0:
E[Y5(1,d) = Y>(0, d)].

In the second example, we can decompose the parameter into the direct effect and indirect

effect mediated by Y (i.e., the mediation effect) as follows. Note that Ya(d) = Ya2(Y1(d1), d).
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Therefore,

E[Y3(1,d2) — Ya(0,d2)| X = 2] = E[Y2(Y1(0), 1,d2) — Y5(Y1(0),0,ds)| X = 7]
+ E[Ya(Yi(1),1,d2) — Y2(Y1(0), 1, d2)| X = 2]
= EY5(Y1(1),1,dy) — Ya(Y1(1),0,d2)| X = 2]

+ E[Ya(Yi(1),0,dz) — Ya(Y1(0),0,do)| X = 2,

where the expressions for E[Y2(Y1(dy), dy,ds)| X = x] are given above and E[Ys(Y1(dy), d}, d2)| X =
z] (dy # d}) can be recovered by using similar expressions as that for E[Y5(d)] above. Note
that the mediation effect is path-dependent, so we define two different versions of direct and
indirect effects. The unconditional versions of all the effects above can be recovered by taking
expectations over X. Next, the time-, “sector-” and covariate- specific selection can be mea-
sured by (pvi,u:(d1),es PVo,Us(y1.d),z), Which are also identified in the next section. Finally, let
Dy (y1,dy) be the counterfactual treatment given (y;,d;) and let pg, (v) = Pr[Z; = 1| X = z].

If we identify mo(y1, dy, 22, ), then we identify

E[Dy(y1,d1)|X = 2] = pg,(x)m2(y1,d1, 1, 2) + (1 — pgy(x))m2(v1, d1, 0, ).

This counterfactual object can be used to measure habit and learning in the treatment

decision. The habit of decisions can be captured by

E[Dz(yl, 1) - D2(3/170)]

and the learning from the previous experience can be reflected in the complementarity of Y;

and D in forming Ds:

E[DZ(L 1) - D2(07 1)] o E[DQ(LO) - D2(050)]'

Remark 3.1. As seen in Pr[Us(y1,d) < po(yr,d, )| X = z] = pa(y1,d, x), the marginal dis-

14



tribution of Us(y1,d) is absorbed in ps(yy, d,x) due to the normalization that Us(yy,d)| X = x

is uniform regardless of (y1,d). Nonetheless, the misspecification of Us(y1,d) = Us(yy, d') =

U ((y1,d) # (v, d")) will have consequences in identifying and consistently estimating pa(ys, d,

4 Identification Analysis

We conduct the identification analysis in the model (2.1)—(2.4). We show the identifiability

of pa(yr,d, x), p(dy, ), m(y1,dy, 22) and 3(y1, d, z) in three steps. First, consider

Vi = 1 (Dy, X) > Ui (D)),

Dl = 1[7T1(Zl,X) Z ‘/1]

Fix x € X. Note that m (21, z) is trivially identified as m1(z1,z) = Pr[D; = 1|7 = 21, X = z]
by our normalization. We list Pr[D; = d,Y; = y|Z; = 2z, X = x] for (d,y,2) € {0,1}3. For

example, by Assumptions 2.2 and 2.4,

PriD;=1,Y1 =171 =0,X = 2] =Pr[V; <m(0,2),U;(1) < p1(1,2)|X = z]

- C(ﬂ—l (07 I), /“L1(17 .T); pV1,U1(1),x)-
The six (non-redundant) fitted probabilities can be written as follows:

PrDy =1,Y1 = 1|2, =0, X = 2] = C(m1(0,2), i (1, 2); pvi 01, 1) ) (4.1)
Pr[D; =11 =112, =1, X = 2] = C(m(1,2), (1, 2); pvyv, (1)) (4.2)
Pr[D; =0,Y, =172, =0,X = 2] = 11 (0,2) — C(m1(0,2), 11 (0, ); pvy v, (0),2)» (4.3)

Pr[D; =0,Y1 =1|Z; = 1, X = 2] = 111(0,2) — C(mi (1, 2), 11(0, 2); pvi,v1(0),2) (4.4)
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Under Assumptions 2.3 and 2.5(i), by applying Lemma 4.1 of Han and Vytlacil (2017), it is

easy to see that the Jacobian matrix of (4.1)—(4.2)

02(71-1 (07 .T), :ul(17 II?)) val,Ul(U,z <7Tl<07 II?), :U’l(la JZ))
02(7-(1(17 ZE), U1(17 'TD OpVLUl(l)w (Wl(L .Q?), Ml(la .T))

Jl(ZL‘) =

is a P-matrix (except at the boundary of the parameter space). Similarly, the Jacobian of

(4.3)-(4.4)

1— 02(7“ (07 QL’), M1 (Oa x)) val,Ul(O),z (ﬂ-l (07 x)a 1 (07 33‘))
1— 02(77-1(1’ IE), :ul(O’ ZL‘)) val,Ul(O),z (Wl(la ZL‘), :U“l(ov I))

JQ(ZE) =

is a P-matrix. Therefore, we can apply the global univalence theorem by Gale and Nikaido
(1965) and identify (p1(dy, ), pvi vy (dn)e) for all dy € {0,1} and « € X. This step is closely
related to Han and Vytlacil (2017)."

For the rest of the proof, we suppress X for simplicity but the idea of incorporating
X is the same as above. Next, we consider identification of (ma(y1,d1, 22), p14.1,) for each

(yl, dl, Zg) using

D2 = 1[7-(2(}/17D1722) Z ‘/2]7
Y1 = 1{u1(Dy) > Ui (Dh)],

Dy = 1[m(Zy) > V1)

"Note that Gale and Nikaido (1965)’s theorem does not require the technical assumptions on the parameter
space used for Hadamard’s global inverse function theorem in Han and Vytlacil (2017). The latter uses all
the fitted probabilities to calculate a larger Jacobian matrix, which is not a P-matrix, and thus Gale and
Nikaido (1965)’s theorem is not applicable.
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Fix 2o € {0,1}. For z; € {0, 1}, consider

Pr[Dl = 1,D2 = 1,}/1 = 1‘Z1 = Zl,ZQ = ZQ]
—Pr{Vy < mi(), Ve < o1, 1, 2), Us(1) < pur(1)]

:C(ﬂ-l (’21)7 7T2(17 17 22)7 ,ul(l)a PV, Vas ;0V1,U1(1))'

Note that we write the copula with two dependence parameters (instead of three) without loss
of generality, and similarly for 4-copula below. There are alternative copula representations
with alternative pairs of dependence parameters. The dependence parameters in those models
can be recovered from the parameters in the current model. For example, py; 17,4 can be

recovered from (pv; vy, pvs,0s(a)); See Example 4.4 in Darsow et al. (1992). Then, the Jacobian

for (ma(1,1, 22), pvy vs) 1

J3 _ O2<7T1(0)7 72(17 17 Z2>’ Ml(l)) C(PVI,VQ (77—1(0)7 7T2(17 17 Z2)7 Ml(l))

C2<771(1>7 7‘-2(17 17 Z2>7 ﬂl(l)) CPVI,VQ (Wl(l)u 71-2(1’ 1? 22)7 N1(1)>

which is a P-matrix if and only if

02(7T1(O>7 72(17 17 Z2>’ Ml(l))
C 1

OQ(WI(D’ 72(17 L, Z2>’ Ml(l))
Pvl,vg(ﬂ-l(o)ﬂr?(l?1722)7,U/I< )) C 1

7 G o (1), ma(L, L ), pn (1))

. (4.5)

The latter is guaranteed by Assumptions 2.3 and 2.5 and the following lemma:

Lemma 4.1. Suppose C(v1, V2, U1, U2} Pojvys Porurs Posus) 00d its margins (where only relevant
dependence parameters are shown) satisfy Assumption 2.5(ii)-(ii1). Then for any py,uy s Porvss Pogus €
(—=1,1) and vy, uy,us € (0,1), the copula and its semi-survival functions and all their margins

satisfy
H2<U17 V2, U1; pvﬂ&)
Hpvlv2 (v1, V2, U1; Poyuy)

(4.6)
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18 strictly decreasing in vy, and

H4(?J1, V2, U1, U2, vaZ)

Hpv2u2 (Ula V2, U1, Ug; pvguz)

18 strictly decreasing in vs.

This lemma exhibits one of the theoretical contributions of this paper. To prove that
the vine copula in Assumption 2.5 implies (4.6)—(4.7), we employ the functional derivative
(Gelfand et al. (2000)) of the vine copula with respect to the conditional copula and exploit
the ordering property of the outer copula to restore the ordering property of the multivariate
unconditional copulas. Then, we prove that the latter guarantees the monotonicity of the
ratios in the lemma. For details, see Section A in the Appendix.

Returning to (4.5), by Lemma 4.1, we identify (m(1, 1, 22), p13 1, ). In what follows, paral-
lel arguments are made for my(yy, dy, 22) with other values of (y1, d;) by applying Lemma 4.1
with corresponding H functions. We identify m5(0, 1, z5) from the conditional probabilities

with Y3 = 0: For z; € {0,1}, consider

PI'[Dl = 1,D2 = 1,Y1 = 0|Zl = Zl,ZQ = 22]
=Pr[V; <m(21), Vo <ma(0,1, 22), U (1) > pa(1)]

=C(m1(21), m2(0,1, 22); pvi 1) — C(mi(21), m2(0, 1, 22), 11 (1); pva v, Pvi0n (1))

Note that the r.h.s. expression is strictly increasing in m5(0, 1, z3), which is clear to see from
the second line above. Also note that the expression is a known function 7o (0, 1, 25) because

the other components in the copulas are all identified earlier. Therefore, by inverting this
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function, we identify m5(0, 1, 25). We repeat this proof for D; = 0. For z; € {0, 1}, consider

Pr[Dl = O,DQ = 1,}/1 = 1|Zl = Zl,ZQ = 22]
:Pr[Vl > 7T1(21),‘/2 < 7T2<1,0,232),U1(0) < ,Ul(())]

:C(M(L 0, 22)7 Ml(o); PV2,U1(0)) - C(Wl(zl), 7T2(1, 0, 22), Ml(O)S PVi Vas PV1,U1(0))-

Similarly as before, this expression is a known strictly increasing function of my(1,0, 22)

because all other components are identified earlier; note py, (o) can be recovered from

(Pvivas P, (0)). Consider

PI‘[Dl == O,Dg == ]_,Yl == 0’Z1 = Z1, Z2 == 22]
=Pr[V1 > mi(21), V2 < m2(0,0, 22), U1(0) > p1(0)]
:71-2(07 07 22> - C(Trl(zl>a 7T2(07 07 22)’ PV1,V2)

—{C(m2(0,0, 22), £1(0); pva,v,(0)) — C(m1(21), m2(0, 0, 22), 111 (0); pva va, PV, U1 (0)) )

which is a known strictly increasing function of m5(0,0, z2). This identifies m5(0,0, 23). In
sum, this step identifies mo(y1,dy, 22) for all (yy,dy, z2) € {0,1}® and py, v, .

Finally, consider

Yy = 1[ua(Y1, D) > Us(Y1, D)],
Dy = 1[my(Yy, Dy, Zo) > Vo),
Yy = 1 (D1) > Uy (D)),

Dy = 1[m(Zy) > Vi,

where the remaining parameters to identify are (u2(y1,d), pvo.vs@i.a)) for (yi,d) € {0,1}3.
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Fix z; € {0,1}. First, consider

PI‘[Dl = 1,D2 = 1,}/1 = 1,}/2 = 1‘Z1 = Zl,ZQ = ZQ]
=Pr[Vi <mi(z1), Vo <ma(1, 1, 22), Ur (1) < pa(1),Ua(1,1,1) < (1,1, 1)]

:C(ﬂ-l(zl)a 7T2(1> 17 22)7 ,ul(1>7 N2(17 17 1)7 Pvi,Vay PVvi,UL(1)5 /OVQ,UQ(I,LI))'

By varying 2z, € {0,1} we can identify (u2(1,1,1), pv,,051,1,1)) from a relevant Jacobian
matrix, which is again a P-matrix by Assumptions 2.3 and 2.5 and Lemma 4.1. Similarly,

consider

PI‘[Dl = 1,D2 = 0,)/1 = 1,3/2 = ]_|Zl = Zl,ZQ = 22]
=Pr[Vi < mi(z1),V2 > ma(1,1,22), Ui (1) < (1), U2(1,1,0) < (1,1, 0)]
=C(m1(21), pa (1), pa(1,1,0); JARIIGHE PVQ,U2(1,1,0))

— C(mi(21), ma(1, 1, 22), a (1), p2(1, 1,0)5 pva v s PVAUL (1) PV, UR(1,1,0) ) -

By varying 2z, € {0,1} we can identify (12(1,1,0), pvy,05(1,1,0) from a relevant Jacobian
matrix, which is again a P-matrix by Assumptions 2.3 and 2.5 and Lemma 4.1. By changing
the possible remaining values of (D1, D, Y7), the remainder of the proof is analogous to the
two cases above, which identifies (p2(y1, d), pvs,v(y1,0)) for the remaining values of (yi,d).
The following theorem summarizes the identification results for the case of T'= 2. Let X be

the support of X.

Theorem 4.1. Under Assumptions 2.2-2.5, the parameters

(771(2’1a$)7M1(d1,$)a7T2(y17d1722;$),ﬂ2(yhd7 x)72(y17da x))

as functions of x are globally identified for all (y1,z,d,x) € {0,1}° x X.

Remark 4.1. One may be curious whether the three step approach is necessarily in the proof

of identification. The is in fact the case because, with a two-step approach of the following,
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P12 1S not identified:

PI"[DQ = 1,}/2 = 1|D1 = 1,1/1 = 1721 = Zl,ZQ = ZQ]

= Pr [V2 < 7o 5 (1, 1 1) < pe(1, 1, D)|Vi < mi(z1),Ur(1) < pa(1)]

1
7r1(Z1) (1
= / / 7T2 1 ) N2(1> 1a 1)|U1, U1; Pvi, Ve, pV1,U1(1)7 sz,Uz(l,l,l))dvldul-

5 Identification with General T

We now give an overview of a model with general 7" and related identification results. For
any random variable Wy, let W = (Wi, ....W,) and W = WT. We also use the convention

that WO =W, = 0. For t =1, ..., T, consider

Y, = m(Yiy, D', X) > Uy(Yiy, DY), (5.1)
Dt = 1[7Tt<}/tflaDt717Zt7X) Z VH (52)
Let Ut(yt_l,dt) = (Ul(dl), U2<y1,d2), cen Ut(ytfl,dt)).

Assumption 5.1. (i) (No Anticipation) Y;(y*~! d", 2") = Yi(y'~', dt, 2*) and Dy(d™,, ") =
Dy(d'=1, 2Y) fort =1,...,T; (ii) (Exclusion) Y;(y'~ !, d", 2") = Yi(y' 1, d") fort =1,..,T.

Assumption 5.2. Z 1 (V,U(y" ', d))|X for (y"1,d") € {0,1}*T1.

Assumption 5.3. Fort = 1,..,T, m is a non-trivial function of Z; and Z|X is non-

degenerate.

Assumption 5.4. For each (y'=1,d") € {0,1}*', the unobservables are jointly distributed

as
V.U d)x=0 ~ C (v,u;2(y" ", d, 2))

where C(v,u; X)) is a 2T -copula with dependence matriz Y.
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Assumption 5.5. The copula C (v,u; X)) in Assumption 5.4 and all its margins satisfy pair-

wise “<g5” with respect to the associated dependence parameter.

Assumption 5.3*. The following conditions hold:
(i) Condition (i) of Assumption 2.5 holds;

(ii) the conditional versions of C (v,u; %) and its margins are represented by

Clvpm1, veu ™ 02 Bpege-1) = C (Cvemr |u ™ 0 72), Cuul ™ 0" 72); p(Syege-1))

Clvg, ug|o= 1 ut = By )
C(Ut_l, ut_l; Evtflutfl)

= C (Clueo" " u™), Clue™ " u'™1); p(Sorr))

fort =2, ... T, where the outer copula C(-,-;p) on the r.h.s. satisfies C(-,-;p) <s C(-,+;p)

for p < p;

(111) p(Eytut-1) and p(Eyryr) are strictly increasing in py, v, and Py, , TESPECtively.

In Assumption 5.5*(ii), for example, X2, = (Poyves Porus s Poguy ) and

Ev2u2 = (pvzu27 Puivas Poaur s Poiug s Puiug s Puiug )

To state the generalized version of Lemma 4.1, let

t—1

t—2 . t—1
C<Utfluvtuv , U 7:0%711175)

t—2 .
C(Utfly Ut, U , U 3 Poe_1ve Evt—Qut—1>7

t—1 , t—1

.y _ t—1 -1,
C'(vg, g, 0075 Poguy) = C(0, U, 077U 75 Poguy y pt—1at—1)-

Note Yi-2,01 and Yi-1,.-1 are identified in previous steps. Let conditioning variables v°
and u° mean no conditioning.

Lemma 5.1. Suppose C (v,u;%) and its margin satisfy Assumption 5.5. Then for t =

2,..., T, the copula and its semi-survival functions and all their margins satisfy

t—2 , t—1.
Hp"’t—l’”t (Ut—lavtav , U 7pvt_1vt)

HQ(Ut—b U, Uti?a util; pvt—lvt)
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18 strictly monotonic in v;_1, and fort=1,....,T

t—1 .t
(vtaufnv , U

H

—1.
Pogug 7pUtut)
t—1 t—1.
H2<Utaut7v , U 7pvtut)

are strictly monotonic in vy.

Based on this lemma, we can follow identification arguments analogous to those in Section
4. The key observation for the identification is that, regardless of T', each step only involves

a 2 x 2 Jacobian matrix, which is easy to show to be a P-matrix under Assumptions5.3— 5.5.

Theorem 5.1. Under Assumptions 5.2-5.5, the parameters

(Trt(yt—h dt—h Zt, I)nut(yt—l? dt7x)7 E(yT_la d7 {L‘)) fOT all t = 17 7T

as functions of x are globally identified for all (y* =, z,d,x) € {0,1}3771 x X,

6 Extension: Continuous Outcome Variables

We extend the identification results of this paper to the case of continuous outcome variables.
With continuous outcomes, we can recover parameters defined in Section 3 for both average
and quantile effects.

Let Y, € YV, CRfort =1,..,T. We consider T" = 2 for simplicity. Now, define the
(continuous) counterfactual outcomes Y;(d;) and Ya(y1, d) and the counterfactual treatments
D1(z1) and Dy(y1,d1, 22). We maintain the same treatment selection model (2.2) and (2.4) for
Dy and Dy, respectively. However, we do not specify the mechanism under which the outcome
is formed, which is similar to the spirit of (2.1) and (2.4) as discussed in the next section.
This framework allows us to maintain the same set of dynamic treatment and mediation
parameters as in the discrete case.

We introduce a new set of identifying assumptions. At the same time, we maintain

Assumptions 2.1 (no anticipation and exclusion), 2.3 (IV relevance) and 2.5 (vine copula).
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Assumption 6.1. Z 1 (V}, V5, Y1(dy), Ya(y,d))| X for (d, ;) € {0,1}3.

Assumption 6.2. For each (d,3;) € {0,1}3, the unobservables are jointly distributed as

(Vb ‘/2,3/1(611),33@1761))’)(:95 ~C (017@27Fyl(dl)(yl),FYQ(yl,d)(y2)§ E(da ylax>) )

where C'(vy,va, Uy, ug; X) is a 4-copula with dependence matriz X.

In Assumption 6.2, X(d, y;, x) captures all the dependences among (V, Va2, Y1 (d1), Y2(y1, d))
conditional on X = x. Notable elements in X(d, z) are py, v, (a,),» and pv, v, (y:.d),. (for t =1,2
and d € {0,1}?). Below, we use pv; v, () and pv; v,y interchangeably, where U;(d;)
and Us(y1,d) are the CDF transformations of Y;(d;) and Ya(yy, d).

We briefly outline the identification strategy. We suppress X for simplicity. For given

y € ), consider

Fyipy.z, (YD1 = 1, Z1 = z1)mi(21) = Pr[Y1 <y, Vi < mi(21)]
= Pr[U(1) < Fy,q)(y), Vi < mi(21)]

= C(m(21), Fyi)(¥); pvionr))

and similarly for Dy = 0. From these equations, we identify (m1(21), Fy,(a,)(¥), pvi,01(a)) by
the same argument as the first step of identification in Section 4. Next, we want to identify

ma(y1, 22) and py, v,. For given y € Y, consider

Pr[D; =1,Dy,=1Y) <y|Z = 2]
=PrlY) <y|D;=1,Dy=1,Z = 2| Pr[Dy =1,Dy = 1|Z = 2]

=Pr [Dl(zl) =1, Dy(22) = 1|UL(1) < Fy, 1y ()] Pr[Y1(1) < 9]

[ BV < ). e < w0, 120,01 =

Fyyay(y 1
= [ e ma Bl (0,1, )
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Then, differentiating both sides w.r.t y yields

MWD =1,D,=1,Z=2)Pr[D, =1,Dy = 1|7 = 2]

:C(’/Tl (Z1)7 WQ(ya 17 zQ)‘FYl(l) (y)7 le,Vz)le(l) (y)

Since Fy,(1)(y) is already identified, by varying the value of Z;, we can produce two equations,
whose Jacobian is a P-matrix as in Section 4. Therefore we can identify m(y, 1, 22) and py, v,
by showing Jacobian is P-matrix. By using D; = 0 instead, we can also identify my(y, 0, 25).

The remaining proof can be followed analogous to the discrete case.

Theorem 6.1. Under Assumptions 2.1, 2.3, 2.5, 6.1 and 6.2, for eachy € ), the parameters

(7T1<217 :L‘), FYl(d1)|X(y|x)7 7T2(?/1a dy, 22, :L‘), FYg(yl,d)|X(y‘5U>, Z(yla d, QJ))

are globally identified for all (y1,z,d,x) € {0,1}° x X.

The identified parameters can be used to construct the dynamic treatment effect param-

eters introduced in Section 3. For example,

E[Dy(Yi(d1), dy, 22)] = E[E[Do(Y1(dh), di, 22)|Y1(d)]]

/ PrlVa < mo(yn,di, 22)|Vi(d1) = m]dFy, g, (11)

but

Pr[Vy < my(yr, di, 20)[Ya(dh) = ] = Pr[Va < ma(ys, di, 20)|Us(da) = Fy, gy (31)]

= Cl(Fyl(Jl)<y1)a 7T2(Z/1, dy, 22)5 PUl(d])%),
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where all the components in the last expression are identified in Theorem 6.1. Similarly,

E[Ys(Yi(dy), d)] = B[E[Ya(Yi(dy), d)|Yi(dy)]
_ / Yz, D|Yi(dh) = m]dFy, 3 ()

// By, 1. dn) (V2ly1)dyed Fy, 5 (1)

but

FYg(yl,d)\Yl(czl)<y2’y1> = P[Y2(y1,d) < y2|Y1(cZ1) = 1]
— P[U2<y17d> S FYQ(yl,d)(y2)|U1(J1> = Fyl(cil)(yl)]

- Ol( Y dl)(y1> FYZ(yl d)<y2> pUl(d1) UQ(yl d))

Moreover, since we directly identify the CDFs of Yi(d;) and Y2(y1,d) and the other copula
components, we can also identify the quantile versions of dynamic treatment and mediation

effects as well as the quantile versions of state dependence and learning and habit effects.

7 Estimation and Inference

7.1 Sieve Maximum Likelihood Estimation

We now consider estimation of the parameters in the semiparametric model. We focus on
binary Y; for simplicity. Let W = (Y, D, Z,X') = (Y7, D", Z", X") and {W; :i=1,2,..,n}

be a random sample of size n drawn from W. Define the infinite-dimensional parameters

h() = (7Tl (217 ')a 251 (dh ')7 s 7T'T(nyla dela 2T, ')a ,uT(nyla d, '))(yT_l,d,z)E{O,l}?’T—l

and p(-) = (S(y" . d, ~))yT_1 defoay2r—1 85 functions of € X. We denote the vector of the
parameters by a (i.e., « = (h, p)’) and let agy be the true parameter value. Let H' and H?

be the parameter spaces for h and p, respectively, and let A = H! x H? be the parameter
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space for a.
Let pydzei(a) denote the (normalized) copula function corresponding to Pr[Y; =y, D; =
d,Z; = z|X; = z|]. For example, pyq..i(a)’s are the r.h.s. objects in (4.4) multiplied by

Pr[Z; = 2| X; = x]. Then, the log-likelihood function is written as
Lufe) = 2 3210, 0) (r.)
n « - n - Z’a J *

where [(Wi, ) = 32, 4 eronyer LY =y, Di = d, Z; = 2) -10g (pyazzi(c)). Then, a ML esti-
mator of « is obtained by solving

sup Ly (a).
acA

Since the parameter space A is infinite-dimensional, it is not feasible to solve the maximiza-
tion problem over A. In this paper, we propose to use sieve (ML) estimation. The method of
sieves provides a flexible but tractable way to estimate the infinite-dimensional parameters.
A sieve ML estimator &, of o is defined as follows:

G, = arg max L,(a),

where A, is a sieve space for A.
We introduce a class of functions of z € X. Let g : D — R where D C R% for some integer

d, > 1. For d,-tuple of nonnegative integers, w = (wy,...,wq,), we define the differential

olwl
“wi w2 Ydy
Ox| "0z, ~~-8:cdx

operator as V¥g = g(x), where z = (z1,25...,24,) € D and |w| = Zfil w;. Let
p = m + v be a nonnegative real number with m being a nonnegative integer and v € (0, 1].
We call a function g : X — R p-smooth if it is m times continuously differentiable on X and
for all w such that |w| = m and there exists a constant ¢ > 0 such that |V¥g(z) — V¥g(y)| <
¢z —y||% for all z,y € X, where || - ||g is the Euclidean norm. Let C"™(X) denote the

space of all m-times continuously differentiable real-valued functions on X. A Holder ball
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with smoothness p and radius C' > 0 is defined as

|w|<m zeX |w|=m z,yeX x#£y HQZ’ - yHVE

AL(X) = {g € C™(X): sup sup|V¥(z)| < C, sup sup [VZ9(x) = VZo(y)] < C’}.

The choice of sieve space A,, depends on the parameter space A and the support X of X.
When the parameters belong to some class of smooth functions (e.g., Hélder space, Sobolev
space) and X is compact, one can use polynomial, trigonometric, spline, or wavelet sieve
spaces. When X’ is unbounded, one can use Hermite polynomial sieve spaces. One can refer

to Chen (2007) for the detail on the choice of sieve spaces.

Remark 7.1 (Saturated Semiparametric Models). It is worth noting that when X is discrete
or when there is no X, the semiparametric model we propose is fully saturated. In this case,
the estimation problem becomes the standard parametric ML estimation. Given the flexibil-
ity we allow for in the model (e.g., heterogeneity), we view this saturation as an appealing
feature of our framework. We omitted the standard asymptotic theory for the parametric ML

estimation.

7.2 Asymptotic Theory

We develop the asymptotic theory for the sieve estimator &,. To this end, we introduce
several norms on A. For given o € A, we denote the supremum and Ls norms of a by ||a||«
and ||«||2, respectively, where the supremum and integration are taken over X'. We denote
the range of the dependence parameters by R for a given copula function. Define

HPHX)={ge AP(X):0< g(x) <1forallz € X},

C

HPA(X)={ge AP(X) :g(x) e Rforall z € X} .

Cc

In this paper, we consider linear sieve spaces for A. Let {p;(-)}32; be a sequence of some

basis functions and ptr (z) = (p1 (), p2(2), ..., pr, (x)) . We impose the following assumptions.
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Assumption 7.1. (i) The data {W; :i =1,2,..n} are i.i.d; (i) E[||X||%] < oo; (#1) X is
a compact subset of R%

Assumption 7.2. (i) H' = HEY(X) and H* = HP? for some ¢ > 0 and p > 1/2, and thus,
A=HPU X o x HPL x HP? x -+ x HP2; (ii) there exists a measurable function p(-) on X

such that for any a € A and for all & € X, Dyydyysdsz.zs.c(@) > p(z) and E [p(X) 7% < oo.

Let

H, {pk"(:z:)lﬁn 0 < ph(x)B, <lforallze X} ,

H? {pk" () By : PP () Bn € Rior all z € )\f} .

Assumption 7.3. The following conditions hold: (1) A, = H} X -+ x HE X H2 x -+ x H2
, where ky,/n — 0; (ii) the smallest eigenvalue of E [p*»(X) - p*»(X)'] is bounded away from
zero uniformly in k,; (i) there exists (mpayp), such that ||ag — map||eo = O (k,,7) for some

v > 0.

Assumption 7.4. The pathwise derivative of the copula function with respect to each depen-

dence parameter is uniformly bounded and continuous.

Assumption 7.2 defines the parameter space. The degrees of smoothness can be differ-
ent across the parameter spaces, and it is assumed to be identical for simplicity. We may
need to impose additional restrictions on the parameter space, especially for the dependence
parameters. The range of the dependence parameters, R, varies across copula functions.
For example, when we use the Gaussian copula, we need to impose that the dependence
parameters lie in [—1,1]. Assumption 7.2(ii) holds if we observe the fitted probabilities for
all possible combinations of the values of (y,d, z) for each x € X.

Assumption 7.3 defines the sieve space for A. We consider linear sieve spaces. Assumption

7.3(iii) holds under Assumption 7.2 if we choose polynomial, trigonometric, or spline sieve

P

spaces. For example, if (p]())]oi1 is a sequence of polynomial or spline functions, then y = 2

by Newey (1997).
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Assumption 7.4 imposes some smoothness of the copula function, which holds with many
copula functions, including the Gaussian copula.

Under these assumptions, we show the sieve ML estimator is consistent with respect to

Theorem 7.1. Suppose that Assumptions 2.2-2.5 hold. If Assumptions 7.1-7./ are satisfied,

then,
|6t — o]|oe 2 0.
We now establish the convergence rate of the sieve estimator with respect to || - ||2. For
given € > 0, define an e-neighborhood of « with respect to the consistency norm || - ||« as

A, (e) = A, N A(e), where A(e) = {a € A: ||a — apl|oo < €}
Assumption 7.5. ||a — ag||3 < E[I(W, ap) — (W, )] for all a € A, (e).

Note that Assumption 7.5 is not restrictive when focusing on a neighborhood of agy. Since
we show that the sieve estimator &, is consistent, it suffices to consider a neighborhood of
ap. Assumption 7.5 is standard in the literature on M-estimation (see, for example, Section
12.3 of van de Geer (2000)).

The following theorem establishes the convergence rate of

Theorem 7.2. Suppose that Assumptions 2.2-2.5 and Assumptions 7.1-7.5 hold. Then,

X [ kn
||Gn, — ]2 = O, (max{ o || — a0||2}) )

pf" (x)HE If we additionally assume &2k, /n — 0, then

. [k,
l|&n — aglleo = O, (max {fn — || o — a0||oo}) .

Now, we develop the asymptotic normality of functionals of the sieve estimator. While

Let &, = sup ¢y ‘

asymptotic normality is useful enough to perform statistical inference on functionals, the
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main practical challenge is to consistently estimate the asymptotic variance. To address
this, we show that sieve likelihood ratio (LR) test statistics converge in distribution of a x?
distribution. We adopt the results of Chen and Liao (2014), who develop a sieve inference
method that is valid regardless of whether a functional of interest is regular or irregular.®
Since one does not need to verify whether a functional of interest is regular or not, the
proposed inferential method has great practicality for empirical research.

Let
AW, ag) = lim V200 + 7la = ac]) = LW, )

T—0 T

be the pathwise derivative of [(W, ) at o in the direction [a — ap]. Then, for any o € A(e),

OFE [A(W, ag + Tl — ) [ — ]
or

[l — aol|* = =

7=0

defines a norm on A(€) by the fact that aq is the unique maximizer of Ly(a) over A. Let V
be the closed linear span of A(e) — {ap} under || - ||. Then, V is a Hilbert space under || - ||,

and its inner product is defined as

OE [AW, ag + T[va]) [v1]]
or

< V1,09 >= —

=0

for any vy,v, € V. Let app, = argmingea, (o) || — aol| and V, be the closed linear span of
A, (€) — {apn} under || - ||. Note that V, is a finite-dimensional Hilbert space under || - ||.
Let f(-) : A — R be a functional on A and define the pathwise derivative of f(-) at «y in the

direction of v = o — g € V as

8f(0£0) [U] — af(ao + 7"U)
Ja N or
7=0
for v € V. We assume that %[-] is linear functional on V. Since V), is a finite-dimensional

8A functional is irregular if it is not y/n-estimable.
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Hilbert space under || - ||, there exists v} € V), such that

0
fa(;)éo) [v] =< v}, v >
for all v € V,, and that
2
Of (a0)
af<040) K1 (% 2 ’ 8‘10 M‘
) =l = s BT <o

« vEVn:||v]|#£0 [[v]|

by the Riesz Representation Theorem. v} is called the sieve Riesz representer of the linear

functional %[-]. For any v € V, define

[10]]sa = v/Var(A(W, ag)[v])

as a pseudo-norm, provided it is finite. The scaled sieve Riesz representer for functional f(-)

(%

is defined as u* = *Z
n T lvillsa
For &5, = max{\/%",Hwnozg —a0||2} and 0%, , = max {fn %,||7rnoz0—oz0||oo}, let
O2.n = 05, AN Goon = 0%, " Vn, Where 7, = log (logn). We assume that do, = 0o(1). Define
shrinking neighborhoods of ayg as follows: Ny = {a € A : || — apllz < 0, || — @olloo < doon}

and N,, = Ny N A,.

Assumption 7.6. The following conditions hold:

‘f(a%f(ao)f%[a—ao]

(i) SuPaen, o] =o(n"1?);
(ii) either (a) or (b) holds:
2420 a0 —ao)
(@) )] 7 o0 and L2 o (o),
() NIzl 7 11o*]] < 00 and [Jo* — v3 ]|  llag. — aol| = o (n7/2).

Assumption 7.7. The copula function is twice pathwise continuously differentiable, and all
second-order partial derivatives with respect to its arguments and dependence parameters are

uniformly bounded.
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Assumption 7.8. The second-order partial derivatives of the copula function is Holder con-

tinuous with exponent k > 1 uniformly over N, with respect to the supremum norm and

O * O3 =0 (n71).

Assumption 7.9. There eists ko > 0 such that lim,,_,,, n™*2/?F “A(VV, ap)ul]

2+kKo
} — 0.

Assumption 7.6 imposes conditions on the functional of interest, f(-). Assumption 7.6(i)
requires that the functional is well approximated by %[-]. When f is a linear functional,
there is no need to verify this condition. To see this, consider, for given y; € {0,1}, d €
{0,1}?, functional f(a) = [, Ww(m)dm, where w(-) is a nonnegative weighting function

over X such that [, w(z)dx = 1. Under a set of regularity conditions (e.g., Newey (1997)),

one can show that f(a) = — [ pa(y1,d, ) &gf) dx and that | f(a)— f(ap) — %[a—ao] =0.
When f is a nonlinear functional, one can verify Assumption 7.6(i) by using the convergence
rate of the sieve estimator (Chen et al. (2014)). Assumption 7.6(ii) restricts the bias part
of the pathwise derivative of f that is reflected by o, — ap. It is worth pointing out that
Assumption 7.6(ii) allows the functional of interest to be either regular or irregular. When
the functional is irregular, then |[v}|| * oo. There are several functionals of practical interest,
and one example is f(a) = us(y1,d,x) evaluated at some y; € {0,1},d € {0,1}*,z € X.
Condition (b) of Assumption 7.6(ii) considers regular functionals (i.e., ||vZ|| 7 [|v*|| < o0)
and is identical to Assumption 4 of Chen et al. (2006) and Condition 4.1(iii) of Chen (2007).

Assumption 7.7 imposes a smoothness condition on the copula function. It is usually
satisfied with various copula functions, including the Gaussian copula. Assumption 7.8 is
similar to Assumptions 5 and 6 in Chen et al. (2006). We need to control the second-
order terms in the Taylor expansion of L,(-) and impose some condition on the rate of
k.. Specifically, when the convergence rates of the sieve estimator are those in Theorem
7.2, one can choose k, such that 5721% = o(1) and /n||m,a0 — agl|®%, = o(1). When aq
belongs to a Holder ball and we use spline sieve spaces, then we have &, = O (\/k_n) and
||Thao — apl|lew = k;,7 for some v > 0 that depends on the dimension and smoothness of the

nonparametric function. Therefore, the latter condition in Assumption 7.8 holds if k3 /n =
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o(1) and /nk,* = o(1).

Assumption 7.9 is a sufficient condition for the Lyapounov’s central limit theorem. When
this assumption holds, we have \/Lﬁ S (AW, ag)[ul] — E[AW;, ag)[us]]) < N(0,1). Chen
and Liao (2014) and Chen et al. (2014) show that \/ﬁ% is identical to that empirical
process up to 0,(1) term under a set of conditions implied by the assumptions in this paper.
Therefore, we need Assumption 7.9 to establish the asymptotic normality of the sieve plug-in
estimator of the functional.

Based on these assumptions, next theorems establish limiting distributions for the func-

tional of the sieve plug-in estimator (Theorem 7.3) and the sieve LR test statistic (Theorem

7.4).

Theorem 7.3. Suppose that Assumptions 2.2-2.5 and 7.1-7.5 hold. If Assumptions 7.6 —

7.9 are also satisfied, then,

\/ﬁf(&n> — f(a0> i N(O, 1)

|07 |sa

Remark 7.2. When Assumption 7.0(ii) holds with (b), the functional is reqular (i.e., \/n-
estimable). An example of this functional is the (unconditional) average dynamic treatment
effects. The plug-in estimator of f(ao), f(&n), may be semiparametrically efficient in this
case, based on the result in Chen et al. (2006).

We consider testing Hy : f(ag) = 0 and define the constrained sieve ML estimator &,
defined as

Q, = ar max L, ().
" g{aeAn:f(a)zo} n(®)

Theorem 7.4. Suppose that the identification conditions and Assumptions 7.1-7.5 hold. If
Assumptions 7.6 — 7.9 are also satisfied and |6 —ao||2 = O, (63,,), then, under Hy : f(ag) =

0,
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A Proofs for the Sections on Identification (Sections

4-6)

A.1 Preliminary Lemmas and Their Proofs

For m > 2, let H : W™ — [0, 1] be a m-variate continuously differentiable function that is
equal to either a m-variate CDF or “semi-survival” functions. For example, H : W? — [0, 1]
represents either F(wy,ws), FY(wy,wy) = F(wi) — F(wy,wy), or F2(wy,wy) = F(wy) —

F(wy,ws), and H : W3 — [0, 1] represents either one of the following:

F(wy, wy, w3) (A.1)
F(wy, wy) = F(wy, wy, ws) (A.2)
F(wa, w3) — F(wy, wa, w3) (A.3)
F(wy,ws) — F(wy, wy, ws3) (A4)
F(ws) = F(wy, wa) — {F(ws, ws) — F(wy, wy, ws)} (A.5)
F(ws) = F(ws, ws) — {F (w1, ws) — F(wy, wy, ws)} (A.6)
F(wy) = F(wi, ws) — {F(wy, wz) — Fwy, wa, ws)} (A.7)

The functions relevant to our identification analysis are H : [0,1]™ — [0, 1] that are either
m-variate copulas or “semi-survival” copulas. Specifically, when m = 2, H(uy,us) is one of

the following:

O(UI,UQ), (AS)

Ug — C’(ul, UQ), <A9>
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and when m = 3, H(uy,ug, us) is either one of the following:

C(uy, ug, us), (A.10)
C(ur, up) — Cur, up, uz), (A.11)
C(uy, us) — C(uy, uy, us), (A.12)
Uy — C(uy, up) — {Cug, us) — C(uy, uy, us)}. (A.13)

We introduce a notion of stochastic ordering that is closely related to <g-ordering intro-
duced in Definition 2.1. We state the definition for m = 2 but a similar definition can be
introduced for any multivariate distributions with m > 3 by focusing on a pair of arguments

of the distribution.

Definition A.1 (Strictly More SI in “Joint Distribution”). We say H s strictly more

stochastically increasing in “joint distribution” than H if wi(wy,ws) = H ™ (wy, H(wy, ws))

is strictly increasing in wy, which is denoted as H(-,-) <g; H(-,-).

The stochastic ordering is defined between two joint distributions or semi-survival func-
tions rather than conditional distributions of Definition 2.1. In the next lemma, “<g+” refers

to the stochastic ordering where the root is either strictly increasing or decreasing.

Lemma A.1. Under Assumption 2.4(ii), for any H(wy, w2, w3; p13, p23, p13) of F(wyi, w2, ws; p13, p23, p13)
in (A.2)—(A.7), there exists an associated copula Cy(-,-; p) of C(-,+;p) (including itself) such

that Cy (|5 p) <s+ Cu (|5 p) for p < p and

H(wy, wa, ws; p13, pa3, p13) = / Cr(H (wq|ws), H(wa|ws); p(p13, p2s, p13))dE (13)

I (ws)

for some interval Iy(ws) C W that depends on ws and some H(w;|ws) and H(we|ws), each

of which is either a conditional CDF' or survival function and

H (wr, s, wy, wi; X) = / Cor (H (wi |, 102), H (w3, ): p(5))dF (i, )

Iy (w3,wy)
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for some interval Iy(ws,wy) € W that depends on (ws,wy) and some H(wi|ws,wy) and

H(wq|ws, wy), each of which is either a conditional CDF or survival function.

An associated copula is introduced in Joe (1997, p. 15). In the lemma, we include the
original copula as an example of associated copulas. Other examples can be found in the

proof of this lemma.

Proof. Let W = R. Consider (A.2):

H(wl7w27w3) = F(w17w2) - F(wlyw2aw3)
= / C (F(w1|ws), F(wa|ws); p(p1s, pa3, pr3)) dF (3)

- /w3 C (F(w1|ws3), F(wa|w3); p(p13, paz, p13)) dF (w3)

= C (F(wi|ws), F(wa|ws); plprs, pas, p13)) dF (ws),

w3

where the second equality is by Assumption 2.4(ii) with ws — oc.

Next, consider (A.3):

H(wy, we, ws) = F(wq, w3) — F(wy, ws, ws)

_ / " P (wsiy)dF (i)

- C (F(wi|ws), F(wse|ws); p(p13, pa3, p13)) dF (13)

-/ O (H (wns), Flwalis): plpia, pas prs)) dF (i),

where the second equality is by Assumption 2.4(ii) and

C(u,v) =v—C(1 —u,v)

is an associated copula of C(-,-) and H(w;|ws) = 1 — F(w;|ws) is the survival function.
Note that C(ulv) = 1 — C(1 — u|v). Let C(¢(u,v)|v; p) = C(ulv; p) (p > p) or equivalently,

C(1=1(u,v)|v; p) = C(1—u|v; p). Then, 1 —1)(u,v) is strictly increasing in v as C'(1—ulv; p)
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satisfies <g-ordering in p, or 1 (u,v) is strictly decreasing in v.

Symmetrically, consider (A.4):

H(wy, wy, w3) = F(wy, ws) — F(wy, wa, ws)
w3
- / C (F(wq|wg), F(ws|ws); p(p13, pa3, pr3)) dF (3)

= /w3 C (F(w1|ws), H(wa|ws); p(p13, pas, p13)) dF (3),

where the second equality is by Assumption 2.4(ii) and
Clu,v) =u—Clu,1—)

is another associated copula of C'(+,+) and H(wq|ws) = 1 — F(ws|ws) is the survival function.
Note that C(ulv) = C(ul]l —v). Let C(¢(u,v)v; p) = C(ulvip) (5 > p) or equivalently,
C(¢Y(u,v)|1—v;p) = C(u|l—wv;p). Then, ¢(u,v) is strictly increasing in 1 —v as C(u|l —v; p)
satisfies <g-ordering in p, or ¥ (u,v) is strictly decreasing in v.

Finally, consider (A.5)

H(w, wa, ws) = Flws) — Flwywz) — (Fuwa, ws) — Fluwn, s, wg)}
= [ Plaski) = € (PG, Fushi): plorss pas. i) dF ()
- [ C ). sl oo s, i) dE ()
= [ ki), st s s, i) dF ()
= [ ). Fusli): plors, pas i) dF ()

- / " O (H(w|s), F(wsl): plps, pas prs)) dF ().

3

The remaining (A.6)—-(A.7) are symmetric to (A.5), so omitted. We omit the proof for the
4-variate CDFs. [
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To prove Lemma 4.1, we state a necessary lemma and prove it first. The following

condition is implied by Assumption 2.5.

Assumption 2.4*. The copula C (v, vq, U1, us; X2) in Assumption 2.4 and its semi-survival
functions and all their margins (i.e., (A.8)~(A.13)) satisfy the following conditions:

(1) H(v1,u1; poyuy) <55 H (01,15 Poguy) for any poyuy < pogus s

(it) H(v1,v2,U15 Poyvys Porurs Posur) =87 H (01, 02,815 Puyugs Porur s Pogur) JOT QMY Poyoy < Poyuy;
(i1i) H(vy,va,u1, ;%) <g7 H(v1, v, U1, Ug; 2) for any pugus < Posus WHETE puyuy aNd Pryus

belong to X and f), respectively.
Lemma A.2. Assumption 2.5 implies Assumption 2./*.

Proof. The sufficiency of Assumption 2.5(i) for Assumption 2.4*(i) is shown in Lemma A.1
of Han and Vytlacil (2017). We prove the rest of the claims. Note that Lemma A.1 of Han
and Vytlacil (2017) cannot be extended to multivariate cases and thus we need a different
proof strategy.

We prove the sufficiency of Assumption 2.5(ii)—(iii) for Assumption 2.4*(ii)—(iii). First, by
Assumption 2.5(ii) and Lemma 0.1, any semi-survival function of C (uy,ug, us; p12, p13, p23)

(i.e., each of (A.9)—(A.13)) satisfies

H(U1,U2,U3;P127013,P23) :/ CH(H(U1|U),H(Uz\u);P(P127P13,,023))du

Igr(us)

for some interval Iy(us) C [0,1] and H(ui|us) and H(uz|us), each of which is either a
conditional copula or a survival function.
Henceforth in the proof, we suppress po3 and p;3 for simplicity. For given uz and p1o > p1o

being the dependence parameters for (ug,us), consider
H (u, ug, uz; pr2) = H (uy, uz, us; pr2) , (A.14)

where uf = uj(u, ug, us; p12, p12) is the root of the equation. To prove Assumption 2.4*(ii),

we want to show that ] is strictly increasing in uy. Under Assumption 2.5(ii), (A.14) can
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be expressed as

/ Cr (Hyjs(ui|u), Hyjs(uszlu); p) du:/ Cr (Hyjs(us|u), Hyg(us|u); p) du, (A.15)
I (u3)

Ipr(u3)

where the outer copula Cp(+,-) satisfies the <g«-ordering and, under Assumption 2.5(iii),
p = p(p12) and p = p(p12) are strictly increasing in pjo and thus p > p. Using the notion of
functional differentiation (Gelfand et al. (2000)), differentiating (A.15) w.r.t. Hos(us|u) for

fixed u yields

CH,2 (H1|3(U>1k‘ﬂ)7 H2|3(U2W); ﬁ) = CH,2 (H1|3(u1|ﬂ), H2|3(U2W)5 P)

or equivalently,
Ch (HIIS(UTW)‘ Haps(uz|w); ﬁ) =Ch (H1\3(U1|a)| Hajs(uslu); P) . (A.16)

The functional derivatives are well-defined because the copulas are continuously differentiable

and they are bounded functions on the compact support of [0, 1]. Let

Crr (| Hgs (usl@); ) = Cor (g (ua|)] Hagy (s p) (A17)

where ul = UJ{(H1|3(U1|TL),H2‘3<U2|’[L);ﬁ, p) is the root of the equation. This root is strictly

monotonic in Hyz because p > p and the outer conditional copula Cp(-|us; p) satisfies the
<g+-ordering as mentioned above. Since the outer conditional copula Cy(-|us; p) is strictly

increasing for any p, from (A.16) and (A.17), we then have

Hyjs(uila) = uf (Hyjz(w|@), Has(uz|@); p, p).
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By differentiating both sides w.r.t. us yields

Quj  Oul  OHas(us|u)

hlS(UDU) 3u2 N 8H2|3 8u2
oul
h
Doy 23(Uz2, 1),

where h;; is the cross derivative of H(u;,u;). In the case of H(uy,uq,u3) = C(uy,ug, us),

Wl
hi; is the copula density with H(w;ju;) = C(w;|u;). In this case, 8‘2{—;'3 > 0 and h;;’s are
ouy

Fur > 0. In other cases, hi3 and hoz has opposite signs

non-negative, and therefore we have

:
;};3 < 0 (e.g., in the case of (A.3), Hyjz(uilusz) = 1 — C(u1|us) and thus hiz = —cy3,

and
while Hy3 = Cy3 and thus heg = cp3), and therefore again, we have S—ZZ > (. This proves the

claim for trivariate copulas. We omit the proof for 4-variate copulas. n

A.2 Proof of Lemma 4.1

We prove the case where H is the original copula. Let p’ < p” and v} = v](vy,ve, ur; 0", 0, Porus)

be the root of

H('Ufy V2, U1, p”7 p’ulul) - H(Uly V2, U1, pla Pvlul)- (A18)

Note that % > 0 by Assumption 2.4*(ii), which in turn holds by Assumption 2.5 and

Lemma A.2. For notational simplicity, we henceforth drop the argument p,,,, from v] and

the copulas. Differentiating (A.18) w.r.t. vy yields

ovy
81}2

Hy(vf, 09, uy; /)H) + Hay (v}, v2, us; PH> = Hy(v1, 09, us; ,0/)-

Therefore, P50 s equivalent to that

Ovo

Hy(vy,ve,u1; p') — Ha(v], ve,ug;p") > 0, (A.19)
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because C (v}, va, ur; p") = C(ve, up|v]; p"”) > 0. From equation (A.18), v} = vj(vy,ve, us; p”, p') —
vy as pf — p” (while p' < p"). Let vi(p) = vi(vy, v, u; p, p'). Then, (A.19) is also equivalent

to
—C! (U*(ﬂ) Vo, U7, ﬂ) <0
9 2\V1 , U2, W1, 9

or equivalently

9vi (p)
dp

021<Ur<p)7U2vul;p) + CZP(”I(lO)aUQaul;p) <0. (AQO)

Also, by differentiating (A.18) w.r.t. p” and letting p” = p,

aUT(P) — _Op(Ui(p),Uz,ul;p). (A21)
dp Ci(vi(p), v2, ui; p)
By combining (A.20) and (A.21), we have
Cap(v1(p), V2, ur; p)C1 (V1 (p), v2, w15 p) < Cor(V1(p), V2, ur; p)Cp(V], V2, un; p). (A.22)

Finally, note that

I

0 (Cp(vl,vz,ul;p)) _ Cop(v1,v2, un; p)Cr (01, 02, ua; p) — Cp(1, 0, ua5 p)Can (v, 0, us; p)
vz \ C1(v1,v2,u1; p) C1(v1, va, u; p)?

which is negative by (A.22). This completes the proof when H is the original copula. The
other cases can be symmetrically shown. The remaining proof with 4-variate copula is anal-

ogous so omitted.
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B Proofs for the Section on Estimation (Section 7)

B.1 Proof of Theorem 7.1

Proof. We verify the sufficient conditions of Proposition B.1 in Han and Lee (2019). Con-
dition (i) of Proposition B.1 is satisfied under the identification conditions and Assumption
7.2 with Qo(a) = Lo(a) = E'[L,(«)]. Conditions (ii), (iii), and (iv) are satisfied by the same
logic of the proof of Theorem 4.1 in Han and Lee (2019). We thus turn to verifying condition
(v) in Proposition B.1. Let 6 > 0 . For any a, & € A,, such that || — &|| < 8, we have, by

the mean value theorem, Theorem 2.10.7 in Nelsen (2006), and Assumption 7.4,
I(W, ) = U(W,a)| S UW)|la — |l < UW)0, (B.1)

where F [U(W)?] < co. Therefore, the second condition of Condition 3.5M in Chen (2007)

is satisfied with s = 1. Finally, by Lemma 2.5 in van de Geer (2000), we have

C
g N (0| o) = oo (14 )

for some finite C' > 0. By Assumption 7.3, log N (J,4,, || - ||c) = 0o(n). In all, condition (v)

of Proposition B.1 in Han and Lee (2019) is met, and thus, we have ||&;,, — ao||co = 0p(1). O

B.2 Proof of Theorem 7.2

Proof. We verify the conditions of Theorem 3.2 in Chen (2007). For any a € A, (¢), we have

Var ({(W;, a) — (W;, a0)) < E [(L(W;, ) — LW, 040))2}

S lla = aollz < Ce?

for some C' > 0 under the imposed assumptions. Therefore, Condition 3.7 in Chen (2007)

is satisfied. Since ||a — apl|z < ||av — apl|eo, Condition 3.8 in Chen (2007) is also met with
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s = 1 by equation (B.1). Lastly, we follow the proof of Theorem 4.2 in Han and Lee (2019)

to calculate the bracketing number, and obtain that

R [k,
||Gn, — ]2 = O, (max{ — || — a0||2})

by applying Theorem 3.2 in Chen (2007).

The proof of the convergence rate with respect to || - || relies on equation (2.4) in Chen

and Liao (2014). Specifically, we have

@n_&o co X OAén_ﬂ'nOéo 00 Ty — p||oo
| oo <] [loo + 1] |
CA‘fn_ﬂ_nafo 00

| [

N ||dn_7rn050||2

— k

T faeAnila—maolls£0} || — Tl |2

kn A — L
N [ S R WPy O/ W
{BERKn :pkn (x)/ﬁGAnﬂ#ﬁkn} Hﬁ o Bk" | ’E n

k, ky,
S6 -0, (\/ g) + [0 — aollee = Oy (max {ﬁn\/ — [T — OéoHoo}) :

by — maoll2 + ||7Tna0 - a0||oo

B.3 Proof of Theorem 7.3

Let p, (g(W)) = L 37 (9(W;) — E[g(Z;)]) be the centered empirical process indexed by func-

n

A(W,a+7v2)[v1]—A(

tion g. We also define (W, ) [v1, vo] = lim, g - Wl gor given vy, v € V and

ae A

Lemma B.1. Under the conditions imposed in Theorem 7.3, Assumption 2.2 (ii) in Chen

and Liao (2014) is satisfied.

Proof. We verify Assumption 2.2 (ii)" in Chen and Liao (2014) by using Lemma 4.2 in Chen
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(2007). Note that for any a, & € N,,, by Assumption 7.7 and the Cauchy-Schwarz inequality,

2 2

AW, a)luy] = AW, @) u,]

n

= [rw. @)l - &, ;]
<C-<a-—au >3

< Cla—allg - ||z
for some C' > 0, where & lies between o and & w.p.a.1. Therefore,

2
S O 5,

sup | AW, a)lu;] = AW, @)fu;]

~ n
a,aENn

which implies that

E[ sup

a,deNn

AW, a)luy] = AW, @) u,]

n

2
|

~r T0o0o,n

by that ||u}|| is bounded and that ||uk||]2 < ||uf||. Also, it is easy to show that

n

/ VI8 N (6, A |- Tla)de < o0
0

by Lemma 2.5 in van de Geer (2000). As a result, all conditions for Lemma 4.2 in Chen

(2007) are met, and thus,

sup i (AW, 0[] = A(Z, o)) = 0 (n7%)

by Lemma 4.2 in Chen (2007), which means that Assumption 2.2 (ii)’ is satisfied. O

Lemma B.2. Under the conditions imposed in Theorem 7.3, Assumption 2.2 (iii) in Chen

and Liao (2014) is satisfied.

Proof. We verify Assumption 2.2(iii)” in Chen and Liao (2014). By the Taylor expansion,
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we have

E (W, a0) = LW, )]

=E |- A(W,Oéo)[a—&o]+%7’(Wd)[04—0f0704—040]
-~

=— %E [r(W, ap) [ — g, v — ] + %E [r(W, ap)[ae — ag, ¢ — ] — (W, &) [ — v, v — ]

1 1 i
:§||a - 040||2 + §E (W, o) [av — g, @ — ap) — (W, &) [ov — v, ¢ — avg]]

where & lies between o and «g. It follows that

_ 2
sup | B [U(W, a0) — 1(W, )] — Le= ol
aENn 2

= sup EE (W, o) [ev — g, @ — ] — (W, &) [ov — v, ¢ — o] ‘
aeNy,

< sup lE HT(W ap)ler — g, ¢ — o] — (W, &) — v, @ — QO]H
a€eN, 2
2C(a)  0%C(aw)

dada’ 0ada/

fﬁ;n - F [sup

sup | <, =o()

by Assumption 7.8. Therefore, Assumption 2.2(iii)” in Chen and Liao (2014) is satisfied,

which implies that Assumption 2.2(iii) in Chen and Liao (2014) holds. O

Proof of Theorem 7.3

Proof. Assumption 7.6 is the same as Assumption 2.1 in Chen and Liao (2014). By Lemmas
B.1 and B.2, Assumption 2.2 in Chen and Liao (2014) is satisfied. Assumption 7.9 is a
sufficient condition for Lyapounov’s central limit theorem, and thus, Assumption 2.3 in Chen

and Liao (2014) is also met. By Lemma 2.1 in Chen and Liao (2014) , we have

V5 ]sa
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B.4 Proof of Theorem 7.4

Let o (o) = ax < ul, &, — ap > uw and H(«a) be the matrix of the second-order partial
derivatives of the copula function with respect to its arguments and dependence parameters,

evaluated at a.

Lemma B.3. Under the conditions imposed in Theorem 7.4, Assumption 4.1(ii)-(a) in Chen
and Liao (2014) is satisfied.

Proof. We use Theorem 2.14.2 in Van der Vaart and Wellner (1996) to verify Assumption
4.1(ii)-(a) in Chen and Liao (2014). Define

Gn = {+ < &, —ag,ul > - (AW, ) [ul] — AW, ) [ul]) : « € Ny}

Assumption 4.1(ii)-(a) in Chen and Liao (2014) is implied if sup,cg, n (9) = 0, (n7"). Note

that g € G,,, we have

9l < | < b — a0, up, > |- | (AW, @) [up] = AW, a0)[uy,]) ‘
< [lém — aol[ - [lup ]l - | (AW, @) fug] = AW, ao)[uy,])
= |lan — al[ - |r(W, @)|a — oo, uy,]

< C-lan = aol| - [l = aol | - [|up] e
< C-lan = aol| - [l = e |oo

S c- ||OA[n —Oéo|| '500,77, = Gn

where the second inequality holds by the Cauchy-Schwarz inequality, the third line holds for
some & between a and « by the Taylor expansion, the fourth line holds by Assumption 7.7,
and the last line holds by that o € N,,. Therefore, G,, is an envelope for G,,.

We calculate the bracketing integral of G,, J,(1,G,,|| - ||2).” Since the class of functions,

)
9']n(67 Gn, H ’ HQ) = fo \/1 +10gN[](€||GnH2vgm || ’ H2)d6
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G, is Lipschitz in «, we have

Ny(ellGnll2, G 1+ 1l2) < N(€/2, N, [[ - []2)

by Theorem 2.7.11 in Van der Vaart and Wellner (1996). Applying Lemma 2.5 in van de

Geer (2000) results in that

2-09p
logN(e/Q,/\/'m||'||2)Skn'k’g<hL 627)'

Therefore,

209,
¢1+1ogzvu<e||anu2,gn,u-|\2>5\/kn-log(u )

5 V kn : 52,n : 6_1/2,

and we have

In(L,Gn, [ 1l2) S VEn - O2n-

Theorem 2.14.2 in Van der Vaart and Wellner (1996) implies that

1
sup iy (9(a)) S %\/ k- 09 - [|Gnll2

OéeNn
[k
,S _n(52,n500,n7
n

and this is o (n~!) under Assumption 7.8. Therefore, Assumption 4.1.(ii)-(a) in Chen and
Liao (2014) is satisfied. O

Lemma B.4. Under the conditions imposed in Theorem 7./, Assumption 4.1(ii)-(b) in Chen
and Liao (2014) is satisfied.
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Proof. We first note that for any a € N,,, a*(a) € N,, w.p.a.1. Pick any o € N,,. Then,

la*(a) = aolls < [l = aoll2 + || < an = ao, u;, > w2

S 52,11 + ’ < dn - OéOauZ > ‘ : HUZHQ
< o+ (|G — aol[ - [[ug [ - [ug ]2
= 52’71 + Op(1)~

We also have

EQl(W,a) = (W, a"(a))]
:%E (W, &)[a — ag, @ — ag]] — %E (W, &%) [a" (@) — ao, a*(a) — ag]
1 2 1 * 2 1 ~
=~ Ljla— all*+ 3110 (@) = aol + 2B (W, @) o — ag,0 — ag] - (W, ag)la - ao, @ — ]
- %E [r(W,a")[a* () — ag, @™ () — ag] — r(W, ap)[a” () — v, @ (a0) — o],

and thus, it is enough to show that

E[r(W,&)[a — ag, o0 — ao] — (W, ao)[e — o, a0 — ]

— Elr(W,a")[a"(a) — ap, a™(a) — ag] — (W, ap)[a" () — g, & () — )] = 0 (n_l) )
Since we have

’r(W, a)la — ap, a0 — o] — (W, ag) [av — g, v — ]
<lla = aollt - || (@) = H(ao)|
Sllor = aol[ - [1& — aol |5

Sl — o[ - ||é — ol |,
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it follows that
E [r(W,a)[a — ag, o — ag] — (W, ag) o — g, ¢ — )] < 63, - 0l -

By Assumption 7.8, 83, - 0%, = o (n™"); and therefore, Assumption 4.1 (ii)-(b) in Chen and

Liao (2014) holds. O

Proof of Theorem 7.4

Proof. Since the objective function in (7.1) is a sample log-likelihood function, we have
llvE]] = ||vk]]sa by the information equality. By Lemmas (B.3) and (B.4) and Assumption
(7.9), Assumption 4.1 in Chen and Liao (2014) is satisfied. In the proof of Theorem (7.3),
we have already shown that under the conditions imposed in Theorem 7.4, Assumption 2.2
in Chen and Liao (2014) is satisfied. By Theorem 4.1 in Chen and Liao (2014), we have

21 [Ln(én) — Ln(@n)] % x2(1). 0
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