Testing Information Ordering for Strategic Agents

Sukjin Han, Hiroaki Kaido, Lorenzo Magnolfi

U of Bristol, Boston U, U of Wisconsin-Madison

October 2025

Cowles Conference honoring
Donald Andrews



Motivation

Many economic interactions are strategic

Researchers often bring models of games to data
> to estimate primitives and perform counterfactual simulations

One such primitive is the information available to players as they
interact and generate the data

(i) information is needed to evaluate counterfactual policies, or
(i) information may be of independent economic interest

» e.g., do politically connected firms get preferential info in
procurement auctions? (Baltrunaite 20)

In either case, information structure prevailing in strategic
interaction is seldom known to the researcher



An Example
Discrete game:

> y; € {1,0}: “enter” or “not enter”
» firm i's profit upon entry: m;(y,e;; x,0)
o eg 7i(y,enx,0)=x'B+Ay_; +¢;
e payoff states €; (unobservable to researcher)

What do the players know about € = (e1,2)?

» some players may know more than others

» they may know something in common

Predictions change depending on how the analyst specifies the
information structure

With data and background alone, specifying info structure is hard



What This Paper Does

We represent information structures as high-dimensional
nonparametric objects

We formulate statistical hypotheses to test whether the information
structure prevailing in the data exceeds a certain baseline

We adopt the ordering of information structures, which respects
incentive ordering (Bergemann & Morris 16)

We construct a bootstrap-based test that is asymptotically valid
» confidence set on payoff parameters as by-product

Application: we investigate information asymmetry in airline entry
due to hubbing
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Primitives



Setup

Primitives of a game: What an analyst sees:
> j € N: players » i € N: players
> y; € Y;: player i's action > y; € Y;: player i's action
» x € X: game characteristics » x € X: game characteristics

> ¢; € &: payoff state;
e = (gi)ien ~ F (+;0): prior
belief

> mi(y,€i; x,0): player i's
payoff

We focus on discrete games (i.e., Y; is finite)

The players have common knowledge of the game, know (x, 6), but
their knowledge of € may be limited



Information Structure
Player i receives a private signal 77
X

> 7 carries info on payoff states ¢ = (¢j,e_)

An information structure is a map from x to the conditional laws of
the signals:

Sixm (’TX,{ e - 865})
We view S(-) as a nonparametric object

The payoff primitives and information structure define a game:

r=(,S)



Equilibrium Concept

The individuals play a Bayes Nash equilibrium (BNE):
> o T = A(Y))

> A strategy profile 0 = (01,...,0y)) is a BNE of (6, S) if o;
is a best response to o_; for all i

Define the set of BNE predictions:

Qu.s™E(x) = { a(1x) € &M 4 (y1x) = Elo(yle, 7)Ix], o € BNEX(6, )}
> the set of conditional choice probabilities (CCPs) induced by
equilibria in (6, 5)
> Qp.sBVE(x) requires the knowledge of S

» calculating this set requires finding all fixed points of
best-response conditions



Information Ordering



Baseline Information Structure
Specifying S exactly can be hard

Instead, we consider testing if S is at least as informative as certain
baseline S*

Example of S". incomplete information: Sy,

» 7; reveals ¢; only and is not informative about ¢_;
Example. public signals: Sp,p

> i =Vt €

» for each player, 7; reveals the opponent's shock v_;
Example. complete information: Scomp

> 7; fully reveals € = (1, 2)
Example. privileged signals: Spyj, 1

» 71 fully reveals ¢ = (e1,£2); 72 is only informative on &5



Baseline Information

The information structure can vary across x (e.g., markets)

Example. privileged signals at hub airports

riv =1
Sr(X):{SP 1 X1

Slnc x1 =0

where x; = 1{Airport = Hub for Player 1}



Information Ordering

We want to state that the actual information structure S is at least
as informative as a baseline S”

> requires appropriate notion of informativeness
» Bergemann & Morris 16

» multi-agent generalization of Blackwell 51's information ordering



Information Ordering

Definition (Individual Sufficiency)

S1(x) is individually sufficient for S?(x) if there exist a combined
information structure S*(x) such that

7',-2 1 (5,’,6_,',7'i,-)|7',-1 Vi.

> S2(x) conveys no new information to any player about the
payoff state

Write
St=5?
if S1(x) is individually sufficient for S?(x) for all x € X

> eg., SComp = SPriv = SInc



Ordering of Predictions

Lemma (Information Ordering & Incentive Ordering)
SH(x) = $%(x) & Qgst(x) C Qgss (x)

> the BCE prediction set gets tighter as the baseline gets more
informative

Lemma (Incentive Ordering & Support Function Ordering)
Qpst (x) € Qesr(x) & h(-, QGst (x)) < h(-, QFeE (x))
where h(-, A) is the support function of set A (introduced below)

» this allows us to work in the space of functions



Hypothesis Tests



Hypothesis

We test
Hy:S>=S" vs. H :S# S

> Hp: players possess more info than S”

> e.g., S"(x) = Spriv,1(x) at hub airports



Testing Hypothesis

Recall, we assume CCPs are generated from BNE with S

How to contrast the data (captured in CCPs) with the hypothesis
on information ordering?

To this end, we consider a solution concept (Bayes correlated
equilibrium, Bergemann & Morris 16) that...

» incorporates the information ordering,
» which corresponds to the incentive ordering,

» and thus the ordering of equilibrium predictions



Bayes Correlated Equilibrium (BCE)

A Bayes correlated equilibrium (BCE) v* for the game (0, S") is
a probability measure v* over actions profiles, payoff types, and
signals that are:

1. consistent: for any measurable A C & x T,

/A/yyx(dy’d‘g’ dt) :/A 71 (dtle) F(de; 6:)

2. incentive compatible: for y;, e, 7 s.t. v*(yi | &;,71) > 0,

E< i (vi, y—i,eii %, 0x) | yi,€i,Til
ZEVX [7Tf (.yi/7y—l'7€i;X?9ﬂ') |yi7€i77i] Vy,ley,

where E,«[-] is taken w.r.t. the conditional equilibrium
distribution v* (y_,',E_,',T_,' | y,',€,',7',')



How Do We Use BCE

Here is how we interpret BCE
The individuals play a BNE under unknown info structure S

From the analyst’s point of view, their behavior is consistent with
the following story:

1. there's a baseline info structure S”; the players may know
more than S”

2. a mediator observes ¢ ~ F(-;0;) and 7 ~ P, under S"

3. the mediator draws y ~ v(y|7,¢) and privately tells each i to
play yi

4. the players obey the mediator's recommendation

This view is convenient because we do not need to know the precise
form of S (as long as S = S")



Predictions

For a game [%(0, S), the set of BCE predictions is:

Q850 = {at) € APatvb) = [ v (v, ).

v € BCEX(0,S)}

What's useful for us is the relationship between the BNE and BCE
predictions:

Proposition

Suppose the data are generated by a BNE in *(6,S) and S = S"
Then, for all § € © and x € X,

= Qa,s°MF(x) C QeBng( )
—~—

identified specified, convex



Ordering of Information into Ordering of Functions

Hy:S>S5" vs. Hi:S#S"

If data are generated from a BNE under info structure S, then
Pyx € Qo,sBVE(x) € Qp,5-PF(x), ¥x € X (1)
» can detect the violation of Hy if observed CCP is outside BCE
prediction
(1) can be translated into an ordering of functions
b'P, < h(b, Qps-5E(x)), Vb € B, and Vx € X
where h(-, A) is the support function of set A

» this allows us to work with functions rather than sets



Test Statistic

Let (y",x") = (y¢, x¢)j_, be random sample drawn across markets

Let IS,LX be a vector of empirical CCPs
Define

Tn(0) = sup sup \/ﬁ{b'lﬁn,x — h(b, Q@,S'BCE(X))}
XEX bEB,

A

where B, « is a “unit ball” with A?yV\ar(P,,,X)—weighted norm
> Ta(0) =0if P,y € Qps-BF(x) and T,(f) > 0 otherwise

> using the variance-weighted ellipsoid B, « has the effect of
studentization

> easy to compute via convex quadratic program



Bootstrap

Consider a (empirical) bootstrap version of T,(0)

T,(0)= sup {Gj(b,x)}
(b7X)E\V,,79

where
> Gi(b,x) = \/ﬁb’(lﬁ’;’;,x — P,x): bootstrapped empirical process

> Wog = {(b,x): b'Pox — h(b, QF5F(x)) > —71}: a
conservative estimator of the “contact set" Wy

Wy = {(b,x) : b'Py, = h(b, QFEF (X))}
» Andrews & Soares 10; Chernozhukov, Lee & Rosen 13

Define the bootstrap p-value by

pa(0) = P*(T5(0) > Tr(0)ly" x")



Asymptotic Size Control

Let ¢(y", x") = 1{ suppco pPn(f) < o}

Theorem (Asymptotic Size)
Under Hy,

limsup sup Ep[¢] < «
n—oo PeP

where P is the set of distributions of (y, x) that satisfy our
assumptions and regularity conditions.



Extension: Testing Multiple Hypotheses

The analyst may consider testing a sequence of hypotheses
» to refine her understanding of the game's info structure

Suppose the analyst test two nulls of the form:

H071 . S E Slr
H072 . S t 52r

where S{ = Scomp and S5 = Spyj, (and thus S7 = S7)

> suppose Hp is not rejected while Hg 1 is

» then, stronger evidence towards the player's privileged info
We introduce a modified version of Holm 79

> to control for family-wise error rate (and thus asymptotic size)



Monte Carlo Experiments



Simulation Design
Two-player binary response game:
mi(y,eix,07) =xB+Ay_i+¢e;, i=1,2
> ¢ =v+ ¢ with v; € {—n,n};, x € {—M, M}
Under S, each player receives a signal about v_;
q=P(ti=v_jlv_i=1_;)
The precision of the signal is controlled by ¢
> qg— %: uninformative signal (i.e., S = Sjpc)
» g — 1: signal reveals v_; (i.e., S = Spup)

We select a BNE and generate a sample of size n = 1000

We test Hy : S = Sp,p against Hy : S %/ Spup



BCE Predictions

[IBCE Predictions - A = -2 [IBCE Predictions - A = -2
e BNE predictions - ¢ ranges from 0.5 to 1

e BNE predictions - ¢ ranges from 0.5 to 1
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Figure: Colored dots: BNE CCPs with varying signal precisions (S = Snc
if g=0.5;S=Spy if g=1)



Power Properties
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Figure: The Rejection Probability of the Test



An Empirical Application



An Empirical Question

Consider hubbing in the airline industry in the US

Q: Does the hub airline benefit from the superior ability to forecast
demand and a better understanding of costs?

Data:

» Department of Transportation's Origin and Destination Survey
(DB1B) and Domestic Segment (T-100) database

» markets (cross-sectional units): origin and destination airports
in a given quarter

> potential entrants: American (AA), Delta (DL), United (UA),
Southwest (WN), a medium-size airline, and a low-cost carrier



Players

We focus on hubs for AA, DL, UA, WN

We aggregate airlines into three players for each market (e.g.,
Atlanta - Airport X)

» hub airline (e.g., DL)
> non-hub airline (e.g., AA, UA, WN)
» non-major airline (e.g., midsize, LCC)

Observable covariates include airport presence (Berry 92), cost
(Ciliberto & Tamer 09), and market characteristics (population, per
capita income)



Hypothesis

We test aggregate null hypothesis
Ho : S = Spriv,Hub  V.s. Hi:S % Spriv,Hub
and market-specific null hypothesis

Hox : S(x) = Spriv.Hub(X)  v.s. Hix 1 S(x) % Spriv,Hub(X)

> the baseline information structure is Spyiy, Hub:
® Ty reveals g;

e 7; for other i's only reveals their own payoff state
® ie, & =vi+e¢€;, and Ty reveals v_pup

» covariates x: market size, each player's market presence
e total 16 market types



Informational Priviledge of Hub Airline
Ho is rejected with infg{ T,(0) — ¢ 5(0)} = 86.76

» Bayesian optimization algorithm for infy
Ho x is rejected for some (but not all) x
> “not rejected” even when hub airline has low market presence

> rejected in markets where hub and non-major airlines have
high market presence

Market — 0001 0010 0011 0111 1000 1001 1011 1101 T—c
Iter. 117 5.91 5.29 0.00 76.85 0.00 0.32 7.30 91.59 82.68
Iter. 122 5.91 6.86 0.00 80.01 0.76 3.89 9.17 94.68 85.90
Iter. 132 5.91 3.78 0.00 88.95 5.01 3.89 13.42 103.44 94.37
Iter. 135 1.30 4.28 0.00 89.67 6.75 3.88 15.16 104.15 94.93
Iter. 149 0.00 3.91 0.00 87.94 4.75 2.88 13.16 102.45 93.46

Table: Market-Specific Test Results (some columns omitted)



Conclusions



Concluding Remarks

The actual information structure of a strategic environment is a
complex parameter

Nonetheless, it plays a crucial role in evaluating the model’s
empirical contents and making counterfactual predictions

The paper develops a test of hypotheses on the information
structure

It will allow the researcher to

> investigate the players’ information asymmetry;

> investigate how the info structure varies with market/game
characteristics;

QBCE

» use
d,sr

(X) for counterfactual predictions



Thank You! ®



Combining Signals

Definition (Combination)

The information structure (at x)
S*(x) = (T* {P*’X: 565})
is a combination of S1(x) and S?(x) if

* 1 2 .
T = Tix X Tix, foreach i
2 .
/ P (71, 72|e)drt = PX (72|e) for each r2and i
T*|e 72|e

/P:LTa(Tl,T2|5)dT2 = Pll)l(e( 7Ye), for each 7land i

> we consider a coupling of the signals (given ¢)



Testability

Consider a simple example with two players:
> i (y,ei) = yi (—Ajy_i + &) for (A1, Az) € © = (0, 1] and
i B U[-1,1]
Suppose S” = S¢ as the baseline
BCE predicts the sharp LB for the prob of e.g. y = (1,0) as

1
LBA = Z(l + AQ(]. — Al)) > 0.25, V(Al,AQ) €0
Let A* = (A7, A}) be the true parameter value
Suppose S = S;, then a BNE under S; induces the following CCP:
1+ A%
(24 AY)(2+ A%)

Pio = P(y = (1,0)) =

> eg., if A} = A5 =0.5 then Pig = 0.24 < LB for all A

Hence, we can detect the violation of Hy by comparing the CCP
and BCE prediction (i.e., LBa)



Support Function
The support function

h(b,A) =supb'q, b € By
geA

is a continuous function on the “unit ball":
By = {be R ||bl|w,< 1}, [|b]w,= (b'Wib)/?

where W, = AsyVar(FA’,,’X)

Q




Computation

A key object is

Vox(0) = sup Vn{b' Py — h(b, Q5SF (x))}
cBn x

= sup inf  /n b’.f’mx—b’q PO
bEB x 4EQFSE (x) [ } (F0)

Problem (P0) can be recast as a convex quadratic program:
Vox(0) = max —'w
nx(0) blwub |
s.t.w'Tiw <1
r2W == 0|y|
3w < 04,

» w=(V,\,,, N ) stacks b € RIY| and Lagrange multipliers

eq’ “‘ineq
associated with the constraints



Confidence Set for x Satisfying Null

Hox : S(x) = Spriv,Hub(X)
Let Xp be the set of x's for which Hp « is true
Define

Tx(0) = up {b'Pyj — h(b, Q7 (x))}

Define the bootstrap p-value as
pn(0,x) = P*(T5,(0) > Tax(0)ly", x")
» Thx and T, are sample and bootstrap analogs of T
Then define a confidence set for Xj as:
CS, = {x: pn(x) > ax}

where a is chosen to control for FWER



